Coverings in p-adic analytic geometry and log 

coverings II: 
Cospecialization of the (p')-tempered 
fundamental group in higher dimensions 

Emmanuel Lepage 
September 15, 2009 



Contents 

1 Preliminaries 7 

1.1 Tempered fundamental group 7 

1.2 Log fundamental groups S 

1.2.1 Log schemes IS 

1.2.2 Ket coverings 11 

1.2.3 Saturated morphisms 13 

1.2.4 Specialisation of log fundamental groups 14 

1.3 Skeleton of a Berkovich space with pluristable reduction Il4 



Tempered fundamental group of a polystable log scheme 

2.1 Polystable log schemes 

2.2 Polysimplicial set of a ket log scheme over a polystable log scheme 

2.3 Tempered fundamental group of a polystable log fibration .... 



3 Comparison result for the pro-(p') tempered fundamental group 

3.1 Skeleton of a ket log scheme over a pluristable log scheme .... 3C 

3.2 Comparison theorem 32 

3.3 Geometric comparison theorem |33 



Cospecialization of pro-(p') tempered fundamental group |34 

4.1 Cospeciahzation of polysimplicial sets l34 

4.2 Cospeciahzation morphisms of pro-(p') tempered fundamental 
groups [39I 



Introduction 



For a proper morphism of schemes f : X Y with geometrically connected 
fibers and a specialization yi 2/2 of geometric points of Y, A. Grothendieck 
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has defined algebraic fundamental groups 7r° ^ [Xy^ ) and a specialization homo- 
morphism 7r"'^(XyJ ■^^^{Xy^). Grothendieck's specialization theorem tells 
that this homomorphism is surjective if / is separable and induces an isomor- 
phism between the prime-to-p quotients if / is smooth (here, p denotes the 
characteristic of j/2, eventually 0), cf. [S', cor. X.2.4, cor. X.3.9]. 
In complex analytic geometry, a smooth and proper morphism is locally a triv- 
ial fibration of real differential manifolds, so that, in particular, all the fibers 
are homeomorphic, and thus have isomorphic (topological) fundamental groups. 

The aim of this paper is to find some analogous result to the specialization 
theorem of Grothendieck in the frame of non archimedean analytic geometry. 
We already studied the one dimensional case in dimension 1 in [T^ . The results 
obtained here require some assumptions that did not appear in [16] , so that the 
results of [16] will not be covered by the results of this article. 
What will play the role of the fundamental group in the non archimedean set- 
ting will be the tempered fundamental group of Y. Andre. 

The tempered fundamental group was introduced in [2l part III] as a sort of 
non archimedean analog of the topological fundamental group of complex alge- 
braic varieties; its profinite completion coincides with Grothendieck's algebraic 
fundamental group; it has itself many infinite discrete quotients in general. 
Since the analytification (in the sense of V. Berkovich or of rigid geometry) of 
a finite etale covering of a p-adic algebraic variety is not necessarily a topolog- 
ical covering, Andre had to use a slightly larger notion of covering. He defined 
tempered coverings, which are etale coverings in the sense of A.J. de Jong (that 
is to say that locally on the Berkovich topology, it is a direct sum of finite cov- 
erings) such that, after pulling back by some finite etale covering, they become 
topological coverings (for the Berkovich topology) . The tempered fundamental 
group is the prodiscrete group that classifies those tempered coverings. To give 
a more handful description, if one has a sequence of pointed finite Galois con- 
nected coverings {{Si, Si))igN such that the corresponding pointed pro-covering 
of {X,x) is the universal pro-covering of {X,x), and if {Sf°,s°°) is a universal 
topological covering of Si, the tempered fundamental group of X can be seen 
as nl^^^^{X,x) = lim. Ga\{S°^ /X). Therefore, to understand the tempered fun- 
damental group of a variety, one has to understand the topological behavior of 
its finite etale coverings. 

One problem which appears at once in looking for some non archimedean 
analog of Grothendieck's specialization theorems is that there are in general no 
non trivial specializations between distinct points of a non archimedean ana- 
lytic (Berkovich or rigid) space: for example a separated Berkovich space has a 
Hausdorff underlying topological space, so that if there is a cospecialization (for 
the Berkovich topology, the etale topology. . . ) between two geometric points 
of a Berkovich space, the two geometric points must have the same underlying 
point. Thus we will study specialization through a reduction (with good enough 
properties). 

We want to understand how the tempered fundamental group of the geo- 
metric fibers of a smooth family varies. Let us for instance consider a family 
of elliptic curves. The tempered fundamental group of an elliptic curve over a 
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complete algebraically closed non archimedean closed field is T? if it has good 
reduction, and Z x Z if it is a Tate curve. In particular, by looking at a moduli 
space of stable pointed elliptic curves with level structurqj, the tempered fun- 
damental group (or any reasonable (p')-version) cannot be constant. 
Moreover, if one looks at the moduli space over Zp, and one considers a curve 
Ex with bad reduction and a curve with generic reduction (hence good re- 
duction), there cannot be a morphism 7rJ'^™^(-Bo) — >• 7r*''™^(-E'i) which induces 
Grothendieck's specialization on the profinite completion, although the reduc- 
tion point corresponding to E\ specializes to the reduction point corresponding 
to Eq. Therefore there cannot be any reasonable speciaHzation theory. 
On the contrary, if one has two geometric points 771 and t]i of the moduli 
space such that the reduction of r\\ specializes to the reduction of 772, then 
i^rjj has necessarily better reduction than E^^^ and there is some morphism 
^tcmp^^^^^-j 7rJ°"^P(i?^J that induces an isomorphism on the profinite comple- 
tions. Thus we want to look for a cospecialization of the tempered fundamental 
group. 

The topological behavior of a general finite etale covering is too pathological 
to hope to have a simple cospecialization theory without adding a {p') condition 
on the coverings: for example two Mumford curves over some finite extension 
of Qp with isomorphic geometric tempered fundamental group have the same 
metrized graph of the stable reduction. Thus even if two Mumford curves have 
isomorphic stable reduction (and thus the point corresponding to their stable re- 
duction is the same) , they do not have isomorphic tempered fundamental group 
in general. Thus we will only study here finite coverings that are dominated by 
a finite Galois covering whose order is prime to p, where p is the residual char- 
acteristic (which can be 0; such a covering will be called a (p')-finite covering). 
Then, it becomes natural to introduce a (p')-tempered fundamental group which 
classifies tempered coverings that become topological coverings after pullback 
along some (p')-finite covering. It should be remarked that this (p')-tempered 
fundamental group cannot be in general recovered from the tempered funda- 
mental group. 

The (p')-tempered fundamental group of a curve was already studied by S. 
Mochizuki in [17]. It can be described in terms of a graph of profinite groups. 
From this description, one easily sees that the isomorphism class of the {p')- 
tempered fundamental group of a p-adic curve depends only of the stratum of 
the Knudsen stratification of the moduH space of stable curves in which the 
stable reduction Hes. Moreover if one has two strata xi and X2 in the moduli 
space of stable curves such that xi is in the closure of X2, one can easily con- 
struct morphisms from the graph of groups corresponding to xi to the graph 
of groups corresponding to X2 (inducing morphisms of tempered fundamental 
groups which induce isomorphisms of the pro-(p') completions). 



^to avoid stacks. However, the cospecialization homomorphisms we will construct will be 
local for the etale topology of the special fiber of the base. Thus, the fact that the base is a 
Deligne-Mumford stack is not really a problem. 
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We shall study the following general situation. Let if be a discretely valued 
field, Ok be its valuation ring, k be its residue field and p its characteristics 
(which can be 0). Let X ^ Y he & pluristable (for example semistable) mor- 
phism of schemes over Ok, which is smooth over K. 

If rii is a (Berkovich) point of the generic fiber of Y , we first want to describe 
the geometric (p')-tempered fundamental group of Y^^^ in terms of Y^^ where 
Si is the reduction of 771 (to be sure that this reduction exists we thus have to 
assume Y to be proper over Ok\ otherwise, we have to consider only points rji 
in the tube of the special fiber of Y). Let us make sure at first that we can get 
such a description for the pro-(p') completion, i.e. the algebraic fundamental 
group. One cannot apply directly Grothendieck's specialization theorems since 
the special fiber is not smooth but only pluristable. Indeed, a pro-(p') geometric 
covering of the generic fiber will in generally only induce a Kummer covering on 
the special fiber. These are more naturally described in terms of log geometry. 
To do so we will have to assume the field Ti{r]i) to be with discrete valuation in 
order to get log schemes with good finiteness properties (more precisely to be 
fs). Then, one can endow Xg-^ with a natural log structure such that the pro-(p') 
fundamental group of Xjj^ is isomorphic to a pro-(p') log fundamental group (as 
defined in pjj). To try to describe the (p')-tempered fundamental group, one 
has to describe the topological behavior of any (p')-algebraic covering of 
Berkovich, in [5], constructed a combinatorial object (more precisely a polysim- 
plicial set) depending only on Xs^ , such that the Berkovich generic fiber is 
naturally homotopically equivalent to the geometric realization of this combi- 
natorial object, thus generalizing the case of curves with semistable reduction, 
where the homotopy type of the generic fiber can be naturally described in terms 
of the graph of this semistable reduction. We will extend such a description to 
our log coverings. This will enable us to define a (p')-tempered fundamental 
group of our log reduction, which is isomorphic to the tempered fundamental 
group of the generic fiber. In particular: 

Theorem 0.1. The (p') -tempered fundamental group of X^i^ only depends on 
the log reduction X^-^ . 

Once we have a definition for the log geometric tempered fundamental group 
^tcmp-gcom^^^^ -J ^£ ^j^g fibers in the special locus of Y , one can reformulate 
our cospecialization problem only in terms of this special locus. 
We will now assume Y to be log smooth over Ok (this endows Y with a canonical 
stratification ; we did not used such an assumption for the case of curves in [16j). 
We will also have to make an assumption on the combinatorial behavior of the 
geometric fibers oi X Y. More precisely, the polysimplicial set associated 
with those geometric fibers will be assumed to be interiorly free. This is for 
example the case if X ^ F is strictly polystable or if X — * F is of relative 
dimension 1 (which explains why such a condition did not appear in [16j). We 
will prove the following: 

Theorem 0.2. Let 771 and 772 be two Berkovich points with discrete valuation 
fields of the Zariski open subset Y^'^ ofYq where the log structure is trivial, and let 
fji , fj2 be geometric points above them. Let §2 — + si be a specialization of their log 
reductions, then there is a cospecialization homomorphism 7rJ°™^'®''°"^ (Xj^j^ — > 
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^^cmp-goom^^_^-jL^ w/ijcft IS an isomorpMsm if si and S2 lie in the same stratum 
ofY. 

If one does not assume the geometric fibers of X ^ y to have interiorly free 
polysimphcial sets, there still is the cospecialization homomorphism if S2 is the 
generic point of a stratum. 

Let us come back to our moduH space of pointed stable elliptic curves with 
high enough level structure M over Ok, and let C be the canonical stable el- 
liptic curve on M. If rji and 772 are two Berkovich points of M^, they are in 
M*'' if and only if C^^ and are smooth. C M, endowed with their natu- 
ral log-structures over {Ok, OJ^ ), is a polystable morphism of log schemes, and 
M Ok is log smooth. Since the polysimphcial set of a semistable curve over 
a separably closed field is interiorly free, the polysimphcial sets of the geometric 
fibers of C ^ M are interiorly free, so that one can apply our theorem. One 
thus get a cospecialization outer morphism 7rJ°™''(C^J '^^'^^(^'112) ^"-"^ every 
specialization S2 — > si , which is an isomorphism if si and S2 are in the same 
stratum of Ms- Since the moduli stack of pointed stable eUiptic curves over 
Spec A; has only two stratum, one corresponding to smooth elliptic curves Mq 
and one to singular curves Mi, one gets that tt^'^^^Ei)^ ~ 7r*''™''(£'2)'^ if Ei 
and E2 are two curves with good reduction or two Tate curves (the isomorphism 
depends on choices of cospeciaHzations). Since Mi is in the closure of Mq one 
gets a morphism from the tempered fundamental group of a Tate curve to the 
tempered fundamental group of an elliptic curve with good reduction. 

The first thing we need to construct the cospecialization homomorphism for 
tempered fundamental groups is a specialization morphism for the (p')-log geo- 
metric fundamental groups of Xg^ and that extends any (p')-log geometric 
covering of Xg-^ to a ket neighborhood of si (if one has such a speciaHzation 
morphism, by comparing it to the fundamental groups of Xfj-^ and and us- 
ing Grothendieck's specialization theorem, we will easily get that it must be an 
isomorphism). This specialization morphism is easily deduced from [20] if si is a 
strict point of Y, i.e. the log structure of si is just the pull back of the log struc- 
ture of Y. Thus we will study the invariance of the log geometric fundamental 
group by change of fs base point. Then we have to study the combinatorial 
behavior of a ket covering with respect to cospecialization. Cospecialization 
morphisms of the polysimphcial set of the fibers of a stricly polystable log fi- 
bration are already given by Berkovich in jSj cor. 6.2] when Y is plurinodal and 
si,S2 are the topological {i.e. not with value in a field, or equivalently with 
value in the local field at their image in Y and with strict log structure) generic 
points of strata of Y , without any assumption of properness. The construction 
easily extends etale locally to our situation if one only still assumes S2 to be 
the generic point of a stratum. To get a cospecialization morphism of geometric 
polysimphcial sets, we will have to prove that after further ket localization at 
si, the strata of X^^ whose closures meet Xk are geometrically connected. This 
will follow from the fact, that after some localization, the closure of those strata 
are fiat over their image in Y and have reduced geometric fibers. One then 
descends these cospecialization morphisms we had etale locally. In the initial 
proper case, this cospecialization morphism is an isomorphism if si and S2 He in 
the same stratum of Y and the polysimphcial set of Xs^ is interiorly free. These 
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cospecialization morphisms commute with ket coverings, and thus will give us 
the wanted cospecialization morphisms. 



Let us now discuss the organization of the paper. 

The first section of this paper will be devoted to recall the main tools we will 
need later. We will recall the definition of the tempered fundamental group 
and its basic properties. We will also consider an L-version of the tempered 
fundamental group, where L is a set of prime numbers (L-tempered fundamen- 
tal groups were already introduced in [El in the case of curves) . We will then 
recall the basics of log geometry, especially the theory of ket coverings and log 
fundamental groups. We will end this part by recaUing the topological structure 
of the Berkovich space of a pluristable formal scheme, as studied in |5j and in 

In §2, we define the tempered fundamental group of a pluristable log scheme 
X over a log point. To do this, we define a functor C from the Kummer etale 
site of our pluristable log scheme X to the category of polysimplicial sets (which 
extends the definition of the polysimplicial set associated to a pluristable scheme 
defined by Berkovich in [5]). Thus, for any Galois ket covering Y of X, there 
is an action of Gal{X/Y) on G{Y), which defines an extension of Ga.l{X/Y) by 
7r*°P(| C(F)I). The tempered fundamental group of X will then be defined to 
be the projective Hmits of these extensions, when Y runs through pointed ket 
Galois coverings of X. As for the tempered fundamental group of a Berkovich 
space, one also defines L-versions of the tempered fundamental group of our 
pluristable log scheme. One also defines a log geometric version by taking the 
projective Hmit under connected ket extensions of the log point. 

In §3, for a proper, generically smooth and pluristable scheme X over a com- 
plete discretely valued ring Ok (thus endowed with a canonical log structure), 
we construct a specialization morphism between the L-tempered fundamental 
group of the generic fiber, considered as a Berkovich space, and the L-tempered 
fundamental group of the special fiber endowed with the inverse image log struc- 
ture, which is an isomorphism if the residual characteristic of K is not in L. 
This specialization morphism is induced by the specialization morphism from 
the algebraic fundamental group of the generic fiber to the log fundamental 
group of the special fiber, and by the fact that the geometric realization of the 
polysimplicial set | C{Y) \ of a ket covering of the special fiber of X is canonically 
homotopically equivalent to the Berkovich space of the corresponding etale 
covering of the generic fiber. This homotopy equivalence is obtained by extend- 
ing the strong deformation retraction of X^" to a strong deformation retraction 
of Y^'^ onto a subset canonically homeomorphic to | C{Y)\. 

In §4, we start by studying specialization of the (p')-log fundamental group 
of a proper, log smooth and saturated morphism of fs log schemes. 
We then construct cospecialization morphisms between the polysimplicial sets of 
the fibers of a strictly polystable fibration over a log regular Zariski log scheme. 
This cospecialization question is already studied in |5], when the base scheme 
is strictly plurinodal for the generic points of the strata. Our cospecialization 
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morphisms extend to cospecialization morphisms of the geometric polysimpli- 
cial sets of the fibers of a ket covering of a strictly polystable fibration. 
The two cospeciaHzation theories fit together, and thus we obtain cospeciaHza- 
tion morphisms between the (p')-geometric tempered fundamental groups of the 
fibers of our strictly polystable log fibration. 

Thanks to the isomorphisms between the (p')-geometric tempered fundamental 
group of the fiber over a discretely valued Berkovich point of the generic part 
of our base log scheme and the (p')-geometric tempered fundamental group of 
the fiber over the reduction log point, we will get theorem 10.21 

This work is part of a PhD thesis. I would like to thank my advisor, Yves 
Andre, for suggesting me to work on the cospecialization of the tempered fun- 
damental group and taking the time of reading and correcting this work. I 
would also like to thank Luc Illusie and Fumiharu Kato for taking interest in 
my problem about the invariance of geometric log fundamental groups by base 
change. 



1 Preliminaries 

1.1 Tempered fundamental group 

Let K he a complete nonarchimedean field. 

Let L be a set of prime numbers (for example, we will denote by {p') the set of 
all primes except the residual characteristic p of K). An L-integer will be an 
integer which is a product of elements of L. 

Following [U §4], a K-manifold will be a smooth paracompact strictly K- 
analytic space in the sense of Berkovich. For example, if X is a smooth algebraic 
if-variety, X^^ is a i^-manifold (and in fact, we will mainly be interested in 
those spaces). Then, thanks to |5], any i^-manifold is locally contractible (we 
will explain in more detail the results of fSj in section [T3|. In particular, it has 
a universal covering. 

A morphism f : S' —> S is said to be an etale covering if S is covered by open 
subsets U such that f~^iU) = ]J Vj and Vj ^ U is etale finite ([7]). 
For example, etale L-finite coverings {i.e. etale finite coverings such that the 
order of every connected component is an L-integer), also called h-algebraic cov- 
erings, and coverings in the usual topological sense for the Berkovich topology, 
also called topological coverings, are etale coverings. 

Then, Andre defines tempered coverings in [H def. 2.1.1]. We generaHze this 
definition to L-tempered coverings as follows: 

Definition 1.1. An etale covering S" ^ S' is h-tempered if it is a quotient of 
the composition of a topological covering T' T and of a L-finite etale covering 
T^S. 

This is equivalent to say that it becomes a topological covering after pullback 
by some L-finite etale covering. 

We denote by Cov*°'"p(X)^ (resp. Cov^ig(X)L, Cov*°p(X)) the category of L- 
tempered coverings (resp. L- algebraic coverings, topological coverings) of X 
(with the obvious morphisms). 
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A geometric point of a if -manifold X is a morphism of Berkovich spaces 
^A{fl) X where fl is an algebraically closed complete isometric extension of 
K. 

Let a; be a geometric point of X. Then one has a functor 

: Cov*°'"P(X)^ ^ Set 

which maps a covering S ^ X to the set Sx- li x and x' are two geometric 
points, then and F^, are (non canonically) isomorphic ([71 prop. 2.9]). 
The tempered fundamental group of X pointed at x is 

When a: is a smooth algebraic X-variety, Cov'™^p(X'^")1^ and 7rf '°P(A:'*", x)"^ 
will also be denoted simply by Cov*<='"p(X)'^ and nl''"'^ {X , x)^ . 
By considering the stabilizers (Stab^(5)(s))5gcov"='"p(x)i-,seFs(s) ^ basis of 
open subgroups of 7rJ°™P(X, x)'^, ttI^"'^^ {X , x)^ becomes a topological group. It 
is a prodiscrete topological group. 

When X is algebraic, K of characteristic zero and has only countably many 
finite extensions in a fixed algebraic closure K, n\°^^^^ {X , x)^ has a countable 
fundamental system of neighborhood of 1 and all its discrete quotient groups 
are finitely generated (O prop. 2.1.7]). 

If X and x' are two geometric points, then F^ and F^, are (non canonically) 
isomorphic ([Tj prop. 2.9]). Thus, as usual, the tempered fundamental group de- 
pends on the basepoint only up to inner automorphism. This topological group, 
considered up to conjugation, will sometimes be denoted simply t:\^"^^ (X)^ . 
The full subcategory of tempered coverings S for which F^{S) is L-finite is 
equivalent to Cov^^^{S)^, hence 

(7rf'"P(X,x)»^)*^ = ^fs(^^^)L 
(where ( )*" denotes the pro-L completion). 

For any morphism X ^ Y, the pullback defines a functor Cov*'^™P(y)'^ — > 
(-jpytempj-^^L If 2; ig a geometric point of X with image y in Y, this gives rise 
to a continuous homomorphism 

7rf"^P(X,S)»^^/i'='"P(r,# 

(hence an outer morphism tt*^™^{X)^ — > 7rJ'''"P(F)'^). 
One has the analog of the usual Galois correspondence: 

Theorem 1.1 ([21 th. 1.4.5]). F^ induces an equivalence of categories be- 
tween the category of direct sums of h-tempered coverings of X and the cate- 
gory TT*^"^^ {X , x)^ -Set of discrete sets endowed with a continuous left action of 
/™P(X, x)^. 

If S" is a L-finite Galois covering of X, its universal topological covering S°° 
is still Galois and every connected L-tempered covering is dominated by such a 
Galois L-tempered covering. 

If ((S'i, Si))igN is a cofinal projective system (with morphisms fij : Si Sj 
which maps Si to Sj for i > j) of geometrically pointed Galois L-finite etale cov- 
erings of {X,x), let ((5*°°, s°°))igN be the projective system, with morphisms 
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/°° for i > j, of its pointed universal topological coverings. Then F^{S!j^) — 

nl°''^^'^ {X, x)^ / Stahp(^S°°){Si°) is naturally a quotient group G of 7rJ°™P(X, x)"" 
for which s°° is the neutral element. Moreover G acts by G- automorphisms on 
F^{Sf°) by right translation (and thus on Sf° thanks to the Galois correspon- 
dence (theorem II. ip ). Thus one gets a morphism 7rJ''™^(X, x)^ Gal(5'°°/X). 
As/°°(s°°) = s°°, these morphisms are compatible with Gei\{S°°/X) Ga\{S°°/X). 
Then, thanks to |Il lem. III.2.1.5], 

Proposition 1.2. 

7rf'"P(X,x)»^ ^ limGal(5°°/^) 

is an isomorphism. 

1.2 Log fundamental groups 

This part is a reminder of the theory of log schemes, as can be found in [13] and 
[19], and of the log fundamental groups, as can be found in [11] or [22j . 

1.2.1 Log schemes 

All monoids here are commutative with units, and morphisms of monoids map 

the unit to the unit. If P is a monoid, P^p -^iW bg its group envelope, P* the 

group of invertible elements of P and P = P / P* . 

If a, 6 € P, we will write a\b if there is c G P such that b = ac. 

A monoid P is sharp if P* = {1}. 

A monoid P is integral if the morphism P PSP is injective. A monoid is 
fine if it is integral and finitely generated. An integral monoid is saturated if 
a e PS^P is in P if there exists n such that a" £ P. 

If P is a fine and saturated monoid (or fs for short), P^p/P* = P^^ is a 
free abelian group of finite type, and thus there is a (non canonical) section 
P^"^ PSP and it induces a decomposition P — P* (B P. 

A morphism / : P ^ Q of monoids is local if f^^{Q*) — P* A morphism 
P ^ Q of integral monoids is exact if P is the inverse image of Q in P^p. 

A prime p of an fs monoid P is a subset of P such that if p G p and p' ^ P 
then p + p' e ^P, and if p,p' G P and p + p' G p then p G p or p' G p. 
A subset F of an fs monoid P is called a face if P\F is a prime (in particular 
P is a submonoid of P). 

SpecP denotes the topological space of primes of P, where (D{f) = {p, / ^ 
p}) /gp is a basis of the topology of Spec P. 

If / : P ^ Q is a morphism of fs monoids and q is a prime of Q, then /^^(q) is 
a prime of P, hence a map Spec Q Spec P. 

A pre-log structure on a scheme AT is a pair (M, a) where M is a sheaf of 
monoids on X(.t, and a : M ^ {Ox,-) is a morphism of sheaves of monoids, 
where Ox is the canonical sheaf of X and . is the multiplication on Ox- A 
pre-log structure will be a log structure if the induced map a^'^{0*x) 0*x is 
an isomorphism. A log scheme AT is a scheme (the underlying scheme X of the 
log scheme) with a log structure on it. 

The forgetful functor from log structures on X to pre-log structures on X ad- 
mits a left adjoint (M, a) ^ {M"', a"") where is the amalgamated sum of Q 
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and Ox along a ^{0\) (this log structure is called the log structure associated 

to {M,a)). 

A morphism of log schemes f : {X, M, a) {Y, N, /?) is a morphism of schemes 
f : X ^ Y with a morphism of sheaves of monoids f~^N — > M compatible 
with a and /3. Then f~^N M is necessarily a local morphism of sheaves of 
monoids. 

A log scheme X is integral if for every geometric point x of X, Mg is integral. 
If y = (y, N. 0) is a log scheme and X ^ Y is a morphism of schemes, the log 
structure on X associated to {f~^N, f~^P) is called the inverse image log struc- 
ture and is denoted /* A''. A morphism of log schemes / : {X, M, a) {Y, N, /3) 
is strict if the induced morphism f*N ^ M is an isomorphism (if X is integral, 
this is equivalent to say that N f^^^^ — > is an isomorphism for every geometric 
point X of X) . 

If P is a monoid the log structure on SpecZ[P] associated to the pre- log 
structure defined by P — > Z[P] is called the canonical log structure. There is 
a canonical morphism SpecZ[P] — > SpecP which maps a prime ideal / of Z[P] 
to / n P. 

A (global) chart modeled on a monoid P of a log scheme X is a morphism 
from the constant sheaf Px Mx inducing an isomorphism on the associated 
log structures. This also amounts to giving a strict morphism X SpecZ[P], 
where Z[P] is endowed with its canonical log structure. 

If i is a geometric point, an integral chart P ^ M is exact at x (resp. good at 
x) if P ^ Mx (resp. P — > Mg) is an isomorphism. 

A log scheme is fine (resp. fine and saturated or fs for short) if it is integral and, 
locally for the etale topology, it admits a chart modeled on a finitely generated 
and integral (resp. finitely generated and saturated) monoid. 
We will mainly work in the category of fs log schemes. There are fiber products 
in this categorjf, but in general, taking the underlying scheme does not commute 
with fiber products. 

\i X SpccP is an fs chart and 3; is a geometric point of X which maps 
to p G SpccP and let F = P\p, then P induces an isomorphism 

F^^P Mx. Moreover SpccZ[P^^P] SpecZ[P] is an open embedding 
corresponding to the preimage of D{p) = {p'|p C p'} C SpecP. Thus F^^P 
induces an exact chart of a Zariski neighborhood of x. But one can then choose 
some decomposition F^^P = F^^P © (P^^P)*, and the induced morphism 
P-ip P-^P Mx is a good chart at x. 

Sometimes, we may have to use log structures on the Zariski site. Let 
e : Xza.1 Xct the natural projection. We will say that a log structure M 
on X is Zariski (and the log scheme X is log Zariski) if e*e,M — > M is an 
isomorphism. If X is an fs log scheme, the log structure is Zariski if and only if 
it has fs charts locally on the Zariski topology. In particular any fs log scheme 
is etale locally log Zariski. 

If / : X ^ y is a morphism of fine log schemes, a chart of / is given by 
a chart X SpccZ[P], a chart Y SpccZ[(5] and a morphism Q ^ P such 
that the corresponding square of log schemes commute. Any morphism of fine 
log schemes has charts etale locally. 

A morphism of fine log schemes f : X —*Y is log smooth (resp. log etale) if 
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etale locally on X and Y , f admits a chart u : Q ^ P such that the kernel and 
the torsion part of the cokernel (resp. the kernel and the cokernel) of u^^ are 
finite groups of order invertible on X and X Xgp(,(,z[Q] SpecZ[P] is etale. 
There are valuative characterizations of log etale and log smooth morphisms. 
Log etale and log smooth morphisms are stable under base change and compo- 
sition. 

A morphism h : Q ^ P oiis, monoids is Kummer (resp. L-Kummer) if h is 
injective and for every a d P, there exists an integer (an L-integer) n such that 
na G h{Q) (note that if Q ^ P is Kummer, Spec P Spec Q is an homeomor- 
phism). 

A morphism / : X ^ F of fs log schemes is said to be Kummer (resp. exact) 
if for every geometric point x of X, My.fix) Mx,x is Kummer (resp. exact). 
A Kummer morphism X ^Y of log schemes is a Kummer universal homeo- 
morphism (or kuh for short) if the underlying map of schemes is an homeomor- 
phism after any fs base change ([23, def. 2.1]). 

A Kummer morphism q : X Y is kuh if and only if g is a universal homeo- 
morphism {i.e. is integral, radicial and surjective) and for any geometric point 
X of X, My = Mx.x is p-Kummer, where p is the residual characteristic of 
X ([231 thm.' 2.7]). 

For example, if P ^ Q is a p-Kummer morphism of fs monoid, and A is a ring 
of characteristic p, then Spec^[(5] — > Specyl[P] is kuh. 

An fs log scheme X is log regular if for every geometric point a;, Ox,x/IxOx,x 
is regular and dim{Ox,x) = dim{Ox,x/IxOx,x) + rk(M|'') where /g is the ideal 
of Ox,x generated by the image of Mx\0^ 5. ([HI def. 2.2]). 
Log Zariski log regular log schemes are studied in p^. 

If X is log regular, X is normal. The subset Xtr = {x,Mx = {1}} of X is a 
dense open subset of X and 

M = Oxnj,0*x^^ 

where j is the open embedding X^ — > X ( [18, prop. 2.6]). 

If Y is log regular and X ^ Y is log smooth, then X is log regular ( 114^ thm. 

8.2]). 

1.2.2 Ket coverings 

A morphism of fs log scheme is Kummer etale (or ket for short) if it is Kummer 
and log etale. 

A morphism / is ket if and only if etale locally it is deduced by strict base 
change and etale localization from a map SpecZ[P] SpecZ[Q] induced by a 
Kummer map Q ^ P such that nP C Q for some n invertible on X . 
In fact if / : F — > X is ket, y is a geometric point of Y, and P Mx is 
an exact chart of X at /(y), there is an etale neighborhood U oi x and a 
Zariski open neighborhood V C f~^{U) of y such that V ^ U is isomorphic to 
U Xgpo(,z[p] SpecZ[Q] with P — > Q a L-Kummer morphism where L is the set 
of primes invertible on U ( [22\ Prop. 3.1.4]). 
Ket morphisms are open and quasi-finite. 

The category of ket fs log schemes over X (any X-morphism between two 
such fs log schemes is then ket) where the covering families (Ti — > T) of T are 
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the families that are set-theoretical covering families (being a set-theoretical 
covering ket family is stable under fs base change) is a site. We will denote by 
Xket the corresponding topos. 

Any locally constant finite object of Xkct is representable. A ket fs log scheme 
over X that represents such a locally constant finite sheaf will be called a ket 
covering of X. We will denote by KCov(X) the category of ket coverings of 

^kot- 

A log geometric point is a log scheme s such that s is the spectrum of a sepa- 
rably closed field k such that Mg is saturated and multiplication by n on Mg is 
an isomorphism for every n prime to the characteristic of k. 
A log geometric point of X is a morphism x : s ^ X of log schemes where s is 
a log geometric point. A ket neighborhood C/ of s in X is a morphism s ^ U of 
X-\og schemes where U —> X is ket. Then if x is a log geometric point of X, the 
functor Fx from Xkot to Set defined by i-^ lH5t/ -^i^) where U runs through 
the directed category of ket neighborhoods of a; is a point of the topos Xket and 
any point of this topos is isomorphic to for some log geometric point and 
they make a conservative system. 

One also defines the log strict localization X{x) to be the inverse limit in the 
category of saturated log schemes of the ket neighborhoods of x. If x and y are 
log geometric points of x, a specialization of log geometric points x ^ y is a 
morphism X{x) X{y) over X. 

A specialization x ^ y induces a canonical morphism F^ — > Fy of functors. 
If there is a specialization x ^ y of the underlying topological points, then there 
is some specialization x ^ y of log geometric points. 

If X is connected, for any log geometric point x of X, F^ induces a fundamental 
functor KCov(X) fSet of the Galois category KCov(X). 
One then denotes by 7rJ°®(X, x) the profinite group of automorphisms of this 
fundamental functor. 

Strict etale surjective morphisms satisfy effective descent for ket coverings 
( pi prop. 3.2.19]). 

If / : S" ^ S" is an exact morphism of fs log schemes such that / is proper, 
surjective and of finite presentation, then / satisfies effective descent for ket 
coverings ([22l th. 3.2.25]). 

If X is a log regular fs log scheme, and all the primes of L are invertible 
on X, then KCov(X)'^ Gov't's (Xt^)*" is an equivalence of categories ([TTl th. 
7.6]). 

Theorem 1.3 ([201, cor. 2.3]). Let S he a strictly local scheme with closed point 
s, and let X he a connected fs log scheme such that X is proper over S. Then 

KGov(X) ^ KGov(X^) 

is an equivalence of categories. 

\f q . X ^ Y is kuh, q* ; Ykdt ^ -^kct is an equivalence of categories ( |23[ 
th. 0.1]) 
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1.2.3 Saturated morphisms 

A morphism of fs monoids P ^ Q is integral if, for any morphism of integral 
monoids P Q' , the amalgamated sum Q (Bp Q' is still integral. 
A integral morphism of fs monoids P ^ Q is saturated if, for any morphism of 
fs monoids P ^ Q', the amalgamated sum Q (Bp Q' is still fs. 
If / : P ^ Q is saturated and F' is a face of Q, F^^P F'^^Q is also satu- 
rated where F ^ f-^{F'). 

Lemma 1.4. If 4> : P ^ Q is an integral (resp. saturated) morphism of fs 
monoids and F' is a face of Q, let F = (f)^^{F'). Then F ^ F' is also integral 
(resp. saturated). 

Proof. To prove that F ^ F' is integral, thanks to |19[ prop. 1.4.3.11], one only 
has to prove that if /{, £ F' and /i, /2 G F are such that fi4>{fi) = l2't'{f'2), 
there are g' G F' and ^1,52 G F such that /{ = ffVCffi) and = g'4'{g2)- 
But there exists g' & Q and (71,52 G P that satisfies those properties since 
P — > Q is integral. But, since F' is a face of Q, g' , 4>{gi), 4>{g2) must be in F', 
and thus gi and g2 are in F. 

Thanks to a criterion of T. Tsuji, an integral morphism of fs monoids / : Pq ^ 
Qo is saturated if and only if for any a G Po,b G Qq and any prime number p 
such that f{a)\bP, there exists c £ Pq such that a|cP and f{c)\b. Let a £ F,b £ F' 
and p be a prime such that (^(a)|6^. Then since (j) : P ^ Q is saturated, there 
exists c £ P such that ajc^ and /(c) |&. But f{c)\b implies that /(c) £ F' , whence 
c£F. □ 

A morphism / : F ^ X of fs log schemes is saturated if for any geometric 
point y of Y, Mxj{y) ^^Y,y is saturated. 

If y ^ X is saturated and Z ^ X is a morphism of fs log schemes, then the 
underlying scheme oi Z Xx Y is Z x ^ Y . 

If P Q is a local and integral (resp. saturated) morphism of fs monoids 
and P is sharp, the morphism SpecZ[(3] SpecZ[P] is fiat (resp. separable, 
i.e. fiat with geometrically reduced fibers, cf. [191 cor. 4.3.16] and O rem. 
6.3.3]). 

Let f : X ^ Y he log smooth and a; be a geometric point of X. Etale lo- 
cally on Y, there is a good chart Y SpecP at y. Then, thanks to \12\ 
prop. A. 3. 1.1], there is etale locally at a; a chart P ^ Q of Y ^ X such that 
Y SpecZ[(3] Xz[p] X is etale and X — > SpecQ is exact at x. Thus if / 
is integral (resp. saturated), P ^ Q is a local and integral (resp. saturated) 
morphism of fs monoids and P is sharp. Thus / is flat (resp. separable). 

If P — > Q is an integral morphism of fs monoids, there exists an integer n 
such that the pullback P„ ^ Q' of P ^ Q along P A P = P„ is saturated 
(theorem O A. 4. 2]). 

Moreover if P ^ Q factors through Qo such that P ^ Qo is saturated and 
Qo — *■ Q is L-Kummer, n can be chosen to be an L-integer. 
Thus, if Z" ^ Z' is a ket covering and Z' ^ Z is saturated, log smooth and 
proper, then for any log geometric point z of Z there is a ket neighborhood U 
of z such that Z^ ^ U is saturated (and all the properness assumptions can 
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be removed and replaced by the quasicompactness of Z" if Z is just an fs log 
point, i.e. its underlying scheme is the spectrum of a field). 

1.2.4 Specialisation of log fundamental groups 

Let X — > 5 be a proper and saturated morphism of log schemes, and \&IY ^ X 
be a ket covering. Let s and s' be two points of S and assume that one has a 
specialization s' ^ s (where s and s' are some log geometric points over s and 
s'). 

Let Z be the strictly local scheme of S* at s endowed with the inverse image 
log structure, and let z be its closed point, endowed with the inverse image log 
structure. 

One has the following arrows (defined up to inner homomorphisms): 

7rl°s-s™"^(y,/s)(p') 7ri°s-g™«i(i;/2)(p') % 7ri°s-g<=°"i(r^/z)(p') ^ 7ri°s-g<=°"i(i;,/s')(p') 

where the second homomorphism are isomorphisms according to theorem 11.31 
The first one is an isomorphism according to [161 cor. 2.6]. 

Theorem 1.5 ([16' cor. 2.7]). One has a specialization morphism 

7rl°s-g™'°(i;,/s')(p') ^ ^i°g-e™'"(y,/s)(p') 
that factors through 7t\°^-^''°''\Yz/Z)(p'1 

1.3 Skeleton of a Berkovich space with pluristable reduc- 
tion 

Let K he a. complete nonarchimedean field and let Ok be its ring of integers. 
If X is a locally finitely presented formal scheme over Ok, will denote the 
generic fiber of X in the sense of Berkovich ([H section 1]). 
Recall the definition of a polystable morphism of formal schemes: 

Definition 1.2 ([H def. 1.2], O section 4.1]). Let </> : 2) ^ X be a locally 
finitely presented morphism of formal schemes over Ok ■ 

(i) (t> is said to be strictly polystable if, for every point y S 2), there exists an 
open affine neighborhood X' — Spf (A) of x :— (f>{y) and an open neighbor- 
hood 2)' C 4>^^{X') of X such that the induced morphism 2}' — > X' factors 
through an etale morphism 2)' Spf(Bo) xj^/ • ■ • x^' Spf(i?p) where each 
Bi is of the form A{Tq, • ■ • , T„.}/(To ■ • • Tn. — a^) with a G A and n > 0. 
It is said to be nondegenerate if one can choose X' , Y' and {Bi,ai) such 
that {x E {Spf{A)rj)\ai{x) = 0} is nowhere dense. 

(ii) is said to be polystable if there exists a surjective etale morphism 2}' ^ 2) 
such that y X is strictly polystable. It is said to be nondegenerate if 
one can choose 2)' such that 2)' ^ X is nondegenerate. 

Then a (nondegenerate) polystable fibration of length I over 6 is a sequence 
of (nondegenerate) polystable morphisms X = (Xj — ^ • • • ^ Xi ^ 6). 
Then K-Vstff^ will denote the category of polystable fibrations of length I over 
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Oki where a morphism X ^ 2) is a collection of etale morphisms (X^ — > 2)i)i<j<; 
which satisfies the natural commutation assumptions. 

Pstfi^ will denote the category of couples (X, Ki) where Ki is a complete non 
archimedean field and X is a polystable fibration over Oki, and a morphism 
(X, Ki) — > (2), ^2) is a couple (</>, ■0) where cj) is an isometric extension K2 Ki 
and is a morphism X — > 2) ®Ok2 in Ki-Vstff'^ . 

Let fc be a field. 
Let X be a /c-scheme locally of finite type. 

The normal locus Norm(X'''"^) is a dense open subset of X. Let us define induc- 
tively X(o) = X'""^, = X(')\Norm(X(')). The irreducible components of 
are called the strata of X (of rank z). This gives a partition of X. 
The set of the generic points of the strata of X is denoted by Str(X) (There is 
a natural bijection with the set of strata of X). 

Berkovich defines another filtration X — X(o) C C • • • such that X(ij^i) is 
the closed subset of points contained in at least two irreducible components of 
. X is said to be quasinormal if all of the irreducible components of each 
endowed with the reduced subscheme structure, is normal (this property 
is local for the Zariski topology and remains true after etale morphisms) . If X 
is quasinormal, then X^i) — X^^\ X is quasinormal if and only if the closure of 
every stratum is normal. 

There is a natural partial order on Str(X) defined by 2; ^ y if and only if ?/ G {x}. 

Berkovich defines polysimplicial sets in [5, section 3] as follows. 
For an integer n, let [n] denote {0, 1, • • • , n}. 

For a tuple n = (no, • • • , Up) with either p = no = or > 1 for all i, let [n] 
denote the set [no] x • • ■ x [np] and w{n) denote the number p. 
Berkovich defines a category A whose objects are [n] and morphisms are maps 
[m] [n] associated with triples (J,/, a), where: 

• J is a subset of [u'(m)] assumed to be empty if [m] = [0], 

• / is an injective map J [w{n)], 

• a is a collection {a/}o<;<p, where ai is an injective map [mj^-ij-;)] [ni] 
if I e Im(/), and ai is a map [0] — > [n;] otherwise. 

The map 7 : [m] [n] associated with (J, /, a) takes j — {jor ■ ■ ,jw(m)) & [™] 
to i = (io, • • ■ ,iw{n}) with ii = ai{jf-i{i)) for I e Im(/), and k = ai{0) other- 
wise. 

A polysimplicial set is a functor A°p — > Set. Polysimplicial sets form a category 
denoted by A° Set. 

One considers A as a full subcategory of A° Set by the Yoneda functor. If C is 
a polysimplicial set A/ C is the category whose objects are morphisms [n] C 
in A° Set and morphisms from [n] — > C to [m] C are morphisms [n] —> [m] 
that make the triangle commute. 

A polysimplex a; of a polysimplicial set C is said to be degenerate if there is 
a non isomorphic surjective map / of A such that x is the image by / of a 
polysimplex of C. Let be the subset of non degenerate polysimpHces of Cn. 
Thanks to an analog of Eilenberg-Zilber lemma for polysimpHcial sets ([H lem. 
3.2]), a morphism C' ^ C is bijective if and only if it maps non degenerate 
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polysimplices to nondegenerate polysimplices and (C')Ji'^ — > C^'^ is bijective for 
any n. 

There is a functor O : A° Set — > Poset where 0(C) is the partially ordered set 
associated to Ob(A/C) endowed with the preorder where x < y ii there is a 
morphism x ^ y in A/ C. As a set, 0(C) coincides with the set of equivalence 
classes of nondegenerate polysimplices. 

A polysimplicial set C is said interiorly free if Aut(n) acts freely on G^. If 
Ci ^ C2 is a morphism of polysimplicial sets mapping nondegenerate polysim- 
plices to nondegenerate polysimplices such that 0(Ci) — > 0(C2) is an isomor- 
phism and C2 is interiorly free, then Ci ^ C2 is an isomorphism. 
Berkovich also defines a strictly polysimplicial category A whose objects are 
those of A, but with only injective morphisms between them. The functor 
A ^ A ^ A° Set extends to a functor A° Set — A° Set which commutes with 
direct limits (the objects of A° Set will be called strictly polysimplicial sets). 
Berkovich then considers a functor E : A ^ /Ce to the category of Kelley 
spaces, i.e. topological spaces X such that a subset of X is closed whenever its 
intersection with any compact subset of X is closed. This functor takes [n] to 
Sn = {iuu)o<i<p,o<i<n, G [0, 1] | I]i "ii = 1}) ^ud takes a map 7 associated 
to {J,f,a) to 2(7) that maps u = (wj^) to u' — (u'^j) defined as follows: if 
[m] 7^ [0] and i ^ Im(/) or [m] = [0] then u'^ = 1 for I = a,{Q) and u[i = 
otherwise; if [m] ^ [0] and i G Im(/), then u-; = Wj-i(i) a^^{i) fo^' ^ ^ Ini(ai) 
and = otherwise. 

This induces a functor, the geometric realization, | | : A° Set K-e (by extend- 
ing E in such a way that it commutes with direct limits). 

There is also a bifunctor □ : A° Set x A° Set — > A° Set which commutes with di- 
rect limits and defined by [(no, • • • , rip)] □[(np, • • • , n'p,)] — [(no, • • • , rip, ng, • • • , n^ 
Thus I C □ C' I = I C I X I C' I (where the product on the right is the product of 
Kelley spaces). 

If X is strictly polystable over k and x G Str(A), Itt{X,x) will denote 
the metric space of irreducible components of X passing through x where 
d{Xi,X2) = codim^(Xi ("1X2). Then there is a tuple [n] such that Irr(Ar, a;) is 
bijectively isometric to [n], and if [m] — > [n] is isometric, there exists a unique 
y e Str(X) with y ^ x and a unique isometric bijection [m] Irr(A, j/) such 
that 

[n] ^ Irr(X, x) 

T T 
[m] Irr(A, y) 

commutes. 

The functor which to [n] associates the set of couples (x,/i) where x E Str{X) 
and ^ is a isometric bijection [n] Irr(X, x) defines a strict polysimplicial set 
C{X) (and thus a polysimplicial set C{X)). 

There is a functorial isomorphism of partially ordered sets 0{C{X)) Str(A'). 

Proposition 1.6 ([5, prop. 3.14]). One has a functor C : Pst'''^ A° Set, 
such that C{X) is as previously defined if X is strictly polystable and, for every 
etale surjective morphism X' ^ X : 

C{X) = Coker(C(A' x^ X') =^ C{X')). 
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This functor extends to a functor C for strictly polystable fibrations over K 
of length I. 

Let us assume we already constructed C for strictly polystable fibrations of 
length I - 1 such that 0(C(X)) = Str(X/_i). Let X : Xi ^ ^ • • • 

Spec A: be a strictly polystable fibration, and let 2Li-i ■ Xi^i ■ ■ ■ ^ Specfc. 
Then for every a;' ^ x G Str(X/_i), one has: 

Lemma 1.7 ([H cor. 6. 2]). There is a canonical cospecialization functor G{Xi^x) - 
C{Xi,x') and if x ^ x' ^ x" , the functor G{Xi^x) C{Xi^xii) coincides with the 
composition C{Xi^x) — ^ C{Xi^x') C{Xi^x")- 

This extends to a functor 

D : (A/(C(X;_i)))°P ^ Str(X,_i) ^ A° Set . 
Berkovich then defines a polysimpHcial set (where we set C — C{2Li^i))- 
C(X) = CDL* = Coker( ]J A[ny]DD^^ ]J A[n^]DD^). 

Ni{A/C) No(A/C) 

This construction extends to (non necessarily strictly) polystable fibrations: 

Proposition 1.8 ([5, prop 6.9]). There is a functor C : Vst]^^ —>■ A Set such 
that: 

(i) for every etale surjective morphism of polystable fibrations X' ^ X : 
G{X) = Coker(C(X' Xx X') ^ C{X')). 

(ii) 0{G{X)) ~ Str(X). 

Berkovich attaches to a polystable fibration X — (X; — > X;_i ■ ■ ■ — * 
Spf(OK)) a subset of the generic fiber X/,^ of X/, the skeleton S{X) of X, which 
is canonically homeomorphic to |C(Xs)| (see [5, th. 8.2]), and such that X/^^ 
retracts by a proper strong deformation onto S{X). 

In fact, when X is non degenerate — for example generically smooth (we will 
only use the results of Berkovich to such polystable fibrations) — the skeleton of 
X depends only on X/ according to [6, prop. 4.3.1.(ii)]; such a formal scheme 
that fits into a polystable fibration will be called pluristable, and we will note 
S{Xi) this skeleton. 

In this case [U prop. 4.3.1.(ii)] gives a description of S{Xi), which is indepen- 
dant of the retraction. For any x,y ^ Xi^rj, we write a; ^ y if for every etale 
morphism X' X; and any x' over x, there exists y' over y such that for any 
/ £ 0{Xri), |/(a;')| < \f{y')\ (^ is a partial order on X/_^). Then S{Xi) is just 
the set of maximal points of Xi^rj for :<. 

The retraction to S{X) commutes with etale morphisms: 

Theorem 1.9 ([51 th. 8.1]). One can construct, for every polystable fibration 

X — (Xi ■■■ ^ Xi Spf(Oif)), a proper strong deformation retraction 
: Xi,ri X [0,^] — ^ X;..,, of Xi^ri onto the skeleton S{X) of X such that: 
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(i) s{x) = yj 

(X;_i ■ ■ 




(ii) if (f) : Tl ^ X is a morphism of fibrations in Vstfi*", one has 4>i,niyt) = 
<l>Lviy)t for every y £ 2)/,^. 

Let us describe more precisely how the retraction is defined. 
If X = Spf Oif{P}/(pi — Zi) where P is isomorphic to ©o<j:<pN"'+^, pi — 
(I,-- - ,1) G N"i+i and Zi e Ok, let ©m be the formal multiplicative group 
Spf Oif{T, y} over Ok, let us denote for any n by 6m ^"^ the kernel of the mul- 
tipHcation ©m"^^ — > 23ni and let G5 be the formal completion of the identity in 
rii fi^m''"''' (it is a formal group). Then © acts on X. G — acts then on X,,. G 
has canonical subgroups Gt for t £ [0, 1] defined by the inequalities \Tij — 1| < t 
where are the coordinates in G, which is a quotient of Yii Gm"*^^. Gt has 
a maximal point gt- 

Then for x E X , xt ^ gt * x defines the strong deformation (where * is the 
multiplication defined in [Si § 5.2]). 

If X is etale over Spf OK{P}/{Pi — Zi), the action of © extends in a unique way 
to an action on X, and xt is still defined hy gt*x. For any X polystable over Ok, 
one has thus defined the strong deformation locally for the quasi-etale topology 
of X^", and Berkovich verifies that it indeed descends to a strong deformation 



For a polystable fibration X ^ X;_i ^ • • • — > Spf Ok, we first assume X = 
Spf B X;_i — Spf A with B = A{P}/{pi — a^) (this will be called a stan- 
dard polystable morphism), one first retracts fiber by fiber on iS'(X/X;_i), 
which are strictly polystable. The image obtained can be identified with S — 

i{x)\}, one then has a homotopy * : 5 x 
[0,1] -> S* by *(x,ro,--- ,rp,t) = (a;t,-!/'no(ro, |ao(a;t)l), • ■ ' ,i^np{rp,\ap{xt)\)), 
where tpn is some strong deformation of [0, 1]"+^ to (1, • • ■ ,1) G [0, 1]"+^ defined 
by Berkovich (we will just need that ipn{ri,t)'^ — i/^nir^ ,t^)k for any A e R*"*" 
and any k G [[0,n]]) , and xt is defined by the strong deformation of Xi_i^^. 
If X ^ X' ^ X;_i is a geometrically elementary composition of an etale mor- 
phism and a standard polystable morphism, S'(X/Xi_i) S{X' /Xi-i) is an 
isomorphism, so that we deform X' fiber by fiber onto S{X/Xi-i), then we just 
do the same retraction as for S{X' /Xi-i). For an arbitrary polystable fibration 
X ^ ■ ■ ■ ^ Ok , this defines the retraction locally for the quasi-etale topology 
of Xrj, and Berkovich verifies that it descends to a deformation of X. 

Berkovich deduces from (|1.9l (ii)) the following corollary: 

Corollary 1.10 (jH cor. 8.5]). Let K' he a finite Galois extension of K and let 
X be a polystable fibration over Ok' with a normal generic fiber Xi_ri- Suppose 
we are given an action of a finite group G on X over Ok and a Zariski open 
dense subset U of Xi,ri- Then there is a strong deformation retraction of the 
Berkovich space G\U to a closed subset homeomorphic to G\ \ C(X)|. 

More precisely, in this corollary, the closed subset in question is the image 
of S'(X) (which is G-equivariant and contained in [/) by J7 — > G\U. 

Theorem 11.91 also implies that the skeleton is functorial with respect to 
pluristable morphisms: 



on X. 
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Proposition 1.11 ([6, prop. 4.3.2.(i)]). If cj) : X ^ 2) is a pluristable morphism 
between nondegenerate pluristable formal schemes over Ok, 4>-q{S{'X)) C S{^). 

In fact, more precisely, from the construction of S, S'(2)) = V^xeS(X) ^i^^)- 

2 Tempered fundamental group of a polystable 
log scheme 

In this section we define a tempered fundamental group for a polystable fibration 
over a field, endowed with some compatible log structure (we will call this a 
polystable log fibration). To define our tempered fundamental group, we will 
need a notion of "topological covering" of a ket covering Z of our polystable log 
fibration X — > • ■ • ^ fc. To do this we will define for any Z a polysimplicial set 
G(Z) over the polysimplicial set C(X), functorially in Z . Thus if Z is a finite 
Galois covering oi X with Galois group G, there is an action of G on G{Z) which 
defines an extension of groups: 

1 ^ /i°P(| C{Z)\) ^ Hz ^ G ^ 1. 

Our tempered fundamental group will be the projective limits of liz when Z 
runs through pointed Galois coverings of X . 

2.1 Polystable log schemes 

Let S* be a fs log scheme. 

Definition 2.1. A morphism 4> :Y ^ X oih, log schemes will be said: 

• standard nodal if X has an fs chart X — > Spec P and Y is isomorphic to 
X XspocZ[p] Z[Q] with Q = (P © mN © v'N)/{u + w = a) with a £ P. 

• a strictly plurinodal morphism of log schemes if for every point y <^ Y , 
there exists a Zariski open neighborhood X' of 0(y) and a Zariski open 
neighborhood Y' oiy mY Xx X' such that Y' ^ X' is a composition of 
strict etale morphisms and standard nodal morphisms. 

• a plurinodal morphism of log schemes if, locally for the etale topology of 
X and y, it is strictly plurinodal. 

• a strictly polystable morphism of log schemes if for every point y €Y ^ there 
exists a Zariski open neighborhood X' of (/)(?/), an fs chart P ^ A of the log 
structure of X' and a Zariski open neighborhood Y' oiy InY Xx X' such 
that y — > F factors through a strict etale morphism Y' X' Xz[p] 7i[Q] 
where Q = (P © ©f^o < P^o, • • • , >)/(r,;o + ■ • • + T„,, = a,) with 
a, e P. 

• a polystable morphism of log schemes if, locally for the etale topology of 
Y and X, it is a strict polystable morphism of log schemes. 

A polystable log fibration (resp. strictly polystable log fibration) X_ over S of 
length / is a sequence of polystable (resp. strictly polystable) morphism of log 
schemes Xi ^ ■ ■ ■ ^ Xi ^ X^ = S . 
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A morphism of polystable log fibrations of length I f ■ 2L ^ }L '^^ given by 
morphisms fi : Xi ^ Yi of fs log schemes for every i such that the obvious 
diagram commutes. 

A morphism / of polystable fibrations will be said ket (resp. strict etale) if fi 
is ket (resp. strict etale) for all i. 

A polystable (resp. strictly polystable) morphism of log schemes is plurin- 
odal (resp. strictly plurinodal). 

A plurinodal morphism is log smooth and saturated. 

Remark. In the definition of strictly polystable morphisms of log schemes, if one 
chooses any other chart P' 0{X'), then there is a Zariski open neighborhood 
X" of X in X' such that Y" ^ Y' Xx' X" X" factors through a strict etale 
morphism Y" ^ X" Xz[p,] Z[Q'] where Q' = (P' © ©f^g < T,o, • ■ • ,T,„, > 
+ • • • + Tin^ = a[) with G P' (indeed, one can assume that X' is afHne, 
so that X' = Spec (A). Let us choose a- that has the same image in M{X') as 
Qi, so that, in M{X'), a- = atUi with Ui e A* . Then one just changes for every 
i, Tio by TioUi). 

Lemma 2.1. Let (j) : Y X be a plurinodal (resp. strictly plurinodal, resp. 
polystable, resp. strictly pluristable) morphism of schemes, such thatY has a log 
regular log structure Mx and 4> is smooth over Xtr. Then {Y, Oy H j*Oy ) 
{X,Mx) is a plurinodal (resp. strictly plurinodal, resp. polystable, resp. strictly 
pluristable) morphism of log schemes. 

Proof. Let us prove it for the case of a stricly polystable morphism. 
One can assume that X = Spec(^) has a chart ip : P A and that Y = 
Bq Xx ■ ■ ■ Xx Bp with Bi = Spec A[rio, ■ ■ ■ ,Ti„J/Tio ■ ■ • T"™, - with G A. 
Since is smooth over Xtr, is invertible over Xtr, thus after multiplying Oi 
by an element of A* (we can do that by also multiplying T^o by this element), 
we may assume that Ui — ip{bi) for some 5,; £ P. Thus Y — X x^ip] Z[(5] where 
Q = {P® 0P^p < T,o, • • • , >)/(r,o + • • • + T,„, = b,) with b, e p. if we 
endow Y with the log structure My associated with Q,Y ^ X becomes a strict 
polystable morphism of log schemes. In particular Y is log regular ([14, th. 8.2]). 
Since, the set of points of Y where My is trivial is Yx^,, My — Oy n j^Oy^ 
according to |18[ prop. 2.6]. □ 

2.2 Polysimplicial set of a ket log scheme over a polystable 
log scheme 

We will construct here the polysimplicial set of a ket log scheme Z over a 
polystable scheme, with which Berkovich already associated a polysimplicial 
set. To do this we will study the stratification of an fs log scheme defined by 
rk(z) = rk(Af^''), which corresponds to Berkovich stratification for plurinodal 
schemes, and we will show that etale locally a ket morphism X ^ Y induces 
an isomorphism between the posets of the strata of X and Y. This will enables 
us to define the polysimplicial set of Z etale locally. We will then descend it so 
that it satisfies the same descent property as in proposition [LH 

For a polystable (log) fibration X : X ^ • ■ • ^ Specfc, Berkovich defines a 
polysimplicial set C(X). In this part we want to generalize this construction to 
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any ket log scheme Z over X. 

When X_ is strictly polystable, C(Z) will be defined so that for any stratum x 
of X with generic point x and any object x' of A/ C(X) over a;, the objects of 
A/ C(Z) above will be in natural bijection with the preimage of x in Z. 
When X_ is not assumed anymore to be strictly polystable, we define C(Z) by 
etale descent. 

Let Z be an fs log scheme, one gets a stratification on Z by saying that a 
point 2: of Z is of rank r if x^°^(z) = i'k{M§^ /Og) = r (where z is some geo- 
metric point over z and where rk is the rank of an abelian group of finite type) . 
The subset of points of Z such that the rank is ^ r is an open subset of Z ( [191 
cor 2.3.5]). We thus get a good stratification. 

The strata of rank r of Z are then the connected components of the subset of 
points z of order r. This is a partition of Z, and a strata of rank r is open in the 
closed subset of points x of rank ^ r. It is endowed with the reduced subscheme 
structure of Z. 

The set of strata is partially ordered by a; ^ y if and only if ?/ C x. One denotes 
by StTx{Z) the poset of strata below X. 

If / : Z' — > Z is a ket morphism, then Tk^°^{x) = rk'°s(/(a;)), so the strata 
of Z' are the connected components of the preimages of the strata of Z. 

Let Z be a plurinodal log scheme over some log point (fc, Mk) of character- 
istic p and of rank rg and z is a point of Z. 

rk'°s(z) = rp +rk(z) where rk(z) is the codimension of the strata containing 
z in Z for the Berkovich stratification of plurinodal schemes. Thus the strata 
are the same for this stratification and the stratification of Berkovich. 

Lemma 2.2. Let Z —^ Specfc be a plurinodal morphism of log schemes over 
a log point and Z' ^ Z be a ket morphism. Then the strata of Z' (with the 
reduced scheme structure) are normal and thus irreducible . 

We will often denote abusively in the same way a stratum and its generic 
point. 

Proof. One can prove that etale locally. 

Let us assume that Z Spec k has an fs chart 



Then, according to [TOl prop II. 2. 3. 2] the strata of Z correspond to the con- 
nected components of the preimage of the different points of Spec P (and thus 
of the faces of P) which are above the minimal point of SpecM. 
Let Q be a (p')-kummer monoid over P. According to [191 prop 1.1.3.2], 
SpecQ SpecP is bijective (to a face F of P corresponds the saturation 



Z 

I 

Spec k 



SpecP 

i 

Spec M 
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Fq of in Q). 

Let thus F be a face of P and p be the prime ideal corresponding to P\p (and 
Fq and pq be their saturation in Q). 

Then the preimage of the closure of a point corresponding to F in Spec P by 
the map Specfc[P] — > SpecP corresponds to the subscheme Spec fc[P]/A;[p] of 
Spec A; [P] according to |19| 1.3.2] (and this is the closure of the stratum Str P of 
Spec A; [P] corresponding to P). But 

Spec(A:[Q]/A:[pQ]) ^ Spec(fc[Q]/(fc[p]fc[g])) = Specfc[Q] Xk[P] Spec(A:[P]/fc[p]) 

is just the reduced closed embedding (because A:[pQ]/(fc[p]fc[Q]) is a nilpotent 
ideal of k[Q]/{k[p\k[Q])). Thus the preimage of the closure of the stratum 
corresponding to P is the support of the closed subscheme Spec(fc[(5]/fc[pQ]). 
Moreover, there are, according to [191 1.3.2], canonical isomorphisms of schemes 
A:[P]/fc[p] k[F] and k[Q]/k[pQ\ k[FQ\ (but the log structure on k[F] is not 
the one induced by P) and the following commutative diagram of schemes: 

k[P]/k[p] k[F] 

I I 
k[Q]/k[pQ] :^ k[FQ] 

where k[F] ^[Pq] is induced by the embedding of monoids P Fq. 
The preimage of P by Spec fc[P] — > SpecP(j.e. the stratum Str P of Spec(fc[P])) 
corresponds then to the open subset Specfc[PSP] of Spec A: [P] ~ Spec fc[P]/A:[p]. 
The following cocartesian square 

k[F] k[FSP] 

I i 
k[FQ] ^ k[F§>] 

is cocartesian. But Spec A:[Pq^] — > Specfc[PSP] is etale. Thus, (StrP Xgpocfc[p] 
Specfc[Q])™'^ -4 StrP is etale. 

By puUing back along Z Spec P, we get that the morphism from a stratum 
of Zq to the corresponding stratum of Z is etale. □ 

Lemma 2.3. Let Z' ^ Z be a kit morphism and Z — > Specfc he a strictly 
plurinodal morphism of log schemes, then Z is quasinormal. 

Proof. We will show that the closure of the connected preimages of a stratum 
X of Z are normal. One can do that etale locally. 

Let z be a point of Z'. 
One can assume that Z' is connected and Z' Spec k have an fs chart exact 
at z 

Z' SpecP 

■i i- 7 

Spec k Spec M 

such that Z' Specfc xspocZ[A/] SpecZ[P] is etale. 

Then the preimages of the different points of SpecP {i.e. primes of P) all map 
to different strata of Z, since Z is strictly plurinodal. 

Thus, the preimage of x is either empty or the preimage of p for some prime p 
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in Spec P. 



Specfc Specfc[M] is the closed embedding corresponding to the face 
M* of M (and to the prime ideal M\M*). Thus it can be described as 
SpecA:[M]/A:[M\Af*] Spec k[M]. We thus have the following commutative 
diagram: 

Spec k[P]/k[P{M\M*)] SpecA:[P] 

i I 
Spec/fc[M]//fc[Af\M*] ^ Specfc[M] 

The strata of Spec k[P]/ k[P{M\M*)] correspond bijectively to the prime ideals 
p of P which contains P{M\M*) and the closed subscheme which is the closure 
of Spec fc[P]/A:[p] ~ Spec k[F] (where F is the face P\p). Spec k[F] is connected, 
and according to [191 prop 1.3.3.1 (2)], since P is a saturated monoid (because P 
is a saturated monoid and P is a face of P), Spec k[F] is normal (thus irreducible, 
there is a single stratum above P G SpecP). The closures of the strata of 
Speck '><k[M\ SpecA;[P] are thus normal too. □ 

One can then follow the proof of [B] lem 2.10] in the case of Z ket over a 
strictly plurinodal log scheme: 

Lemma 2.4. Let Z' ^ Z an etale morphism with Z ket over Zq and let Zq ^ k 
he a stricly plurinodal scheme. Let z' he a stratum of Z' of image z. Then the 
map Str^/(Z') Str^(Z) is an isomorphism of posets. 

One can refine [2741 bv showing the result for Z' ^ Z ket: 

Lemma 2.5. Let Z ^ Z' he a kit morphism with Z' ket over Z" and let 
Z" k he a strictly plurinodal scheme. Let z he a stratum of Z of image z' . 
Then the map StiziZ) Sir^'iZ') is an isomorphism of posets. 

Proof. It suffices to prove it when Z' = Z" , since if one knows the result for 
Z' Z" and Z ^ Z" , this implies the result for Z ^ Z' . 

Indeed, if Zq — Specfc Xj,[jv/] Specfc[P] and Zq — Specfc ><k[M] Speck[Q] 
where P ^ Q is ket, then the poset of strata of Zq (resp.Zo) is isomorphic to 
the poset of faces of P (resp. Q) which maps to the face M* of M. But we 
already know that the usual map between the strata of Q and the strata of 
P is an isomorphism, hence the isomorphism StrZp StrZo, and a fortiori 
Str,,(Zo)^Str,,(Z^). 

In the general case, locally in a Zariski neighborhood of z and of z', one has the 
following commutative diagram: 



z 


^ u - 




i 


i 


i 


Z' 


^ Z' - 





where the horizontal arrows are etale: they satisfy lemmajTH By the particular 
case studied before, one gets the result. □ 

Let us consider now a strictly polystable log fibration X_ : X ^ Xi^i ^ 
• ■ • — > s where s is an fs log point. 

If / : Z ^ X is ket, one has a functor Dz = (A/C(X))°p ^ Str(X,) ^ 
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Set which associates to a stratum of X the set of connected components of 
the preimage of the stratum (thanks to lemma [2751) • One may thus build a 
polysimplicial set CxJyZ) = G{X) □ Dz (we will often write C{Z) instead of 
Gx_{Z)). This polysimplicial set is still interiorly free. Obviously, 0{G{Z)) is 
functorially isomorphic to Str(Z). 

Remark. Let C ^ C' be a morphism of polysimplicial sets. Let a : S 0{C) 
(resp. a' : S" 0(C')) be a morphism of posets such that S<x 0{C<ax) 
(resp. S'^^ ^ 0{C')<a'{x) for any x). One has functors F : A/ C 0(C) Set 
(resp. F' : A/ C' -> O(C') Set), which defines a polysimplicial set £> = □ C 
(resp. D' = F'UC'). 

Then any morphism of posets f : S ^ S' such that 

S ^ S' 

i i 
0(C) ^ O(C') 

induces a unique morphism of polysimplicial sets f : D ^ D' over C — + C' such 
that 0(/) = /. 

Thanks to this, to construct morphisms between the polysimplicial sets of kum- 
mer log schemes over strictly plurinodal log schemes, we will often be reduced 
to construct a morphism between the posets of strata. 

If X' ^ X is a ket morphism of polystable log fibrations, then Gx_{X[) is 
canonically isomorphic to C(X'). 
If one has a commutative diagram 

Z Z' 

i i 
X ^ X^ 

where X — > X is a ket morphism of polystable log fibration, there is an induced 
morphism Gx_{Z) Gx'{Z'). Since it maps non degenerate polysimpHces to 
non degenerate polysimplices, if Str(Z) Str(Z') is an isomorphism of posets, 
Cx(^) G)c{Z') is an isomorphism. 

Let Z' ^ Z he & ket covering, let Z" = Z' x z Z' and let a: be a stratum of Xg, 
then Dz{x) — Coker(Dz" (a^) ^ Dz'{x)). We deduce from it that 

G{Z") = Coker(C(Z') ^ G{Z)). 

One may also define Gx_{Z) for X_ a general polystable fibration. Let X' — > X 
be an etale covering, let X" = X' Xx X' and let Z' and Z" the pullbacks of Z 
to X' and X". then one defines Gx{Z) = GokeT{Gx" (Z") ^ Gx'iZ')) (it does 
not depend of the choice of X'). 

If Z' ^ Z is a surjective ket morphism over X and Z" — Z' xz Z', Str(Z) = 
Coker(Str(Z") =t Str(Z')). 

One thus gets (ket(X) denotes the category of ket log schemes over X): 

Proposition 2.6. Let X_he a polystable log fibration, one has a functor Gx ■ 
ket(X) -> (A)° Set such that: 

• if Z' ^ Z is a ket covering o/kct(Xs), 

G{Z) ^ Coker(C(Z' Xz Z') ^ G{Z')). 
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• 0{C{Z)) is functorially isomorphic to Str(Z). 

Remark. If one has a ket morphism H ^ ^ of polystable fibrations of length 
I, the polysimplicial complex C{Yi) we have just define by considering Yj as ket 
over Xi is canonically isomorphic to the polysimplicial complex of the polystable 
fibration C(y) defined by Berkovich. 

If Z is quasicompact, then there is a connected ket covering s' — > s such that 
all the strata of Zgi are geometrically irreducible and Zs' s' is saturated. In 
particular, for any Kummer morphism of fs log points s" s' , C{Zs») — > C{Zg>) 
is an isomorphism. 

The polysimphcial complex C{Zs') for such an s is denoted by Cgeom(-^/s)- 

2.3 Tempered fundamental group of a polystable log fi- 
bration 

Here we define the tempered fundamental group of a log fibration X over an fs 
log point. If T is a ket covering of X, the topological coverings of | C(T)| will 
play the role of the topoological coverings of T. 

Let us start by a categorical definition of tempered fundamental groups that 
we will use later in our log geometric situation. 
Consider a fibered category I> — > C such that: 

• C is a Galois category, 

• for every connected object U of C, Vu is a category equivalent to IIj/ -Set 
for some discrete group Hu, 

• if U and V are two objects of C, the functor fj/UT^ x l^v is an 
equivalence, 

• if f : U —>■ V is a. morphism in C, f* : Vy — > "Du is exact. 

Then, one can define a fibered category D' — > C such that the fiber in U is the 
category of descent data ofD ^ C with respect to the morphism [/ — > e (where 
e is the final element of C) . 
Assume one has a splitting of V/C. 

Let U is a connected Galois object of C and let G be the Galois group of U/e. 
Then Vjj can be described in the following way: 

• its objects are couples (5(7, {'ipg)g:^G), where Sjj is an object of Vu and 
ipg : Su ^ g*Su is an isomorphism in Vu such that for any g,g' E G, 
{9*'4''g) ° "03 = V'g'g (after identifying {g'g)* and g*g'* by the canonical 
isomorphism to lighten the notations). 

• a morphism {Su,{tpg)) — > {S[j,tjj'g) is a morphism (j) : Su ^ S'^ in Vu 
such that for any g G G, tp'gCj) = {g*^)tpg. 

There is a natural functor Fq : Vjj — > T>u, which maps {Su, (V'g)) to Su- Let 
Fu be a fundamental functor Vjj — > Set, such that Aut Fu = Ilu. 
Let F = FuFo, and Tl'^ = AutF. 
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Proposition 2.7. the natural functor Vjj Il'jj -Set is an equivalence. 

Proof. The proof is some kind of categorical analog of the proof of O th. 1.4.5]. 
Indeed, Vjj has limits and colimits, every object is the direct sum of its con- 
nected components and morphisms S ^ S' correspond bijectively with con- 
nected components T of S x S' such that the induced morphism F ^ S' is an 
isomorphism. Thus the main point to prove is that for any connected object S 
of V^, F{S) is a connected Il'^^-set. Let g be the category of S'-objects of 

Let / be the set of connected components of ^0(5*) = 5(7, so that Su — Ujg/ Si, 
where Si is a connected object of Vu. G acts naturally on / and S is connected 
implies that / is a connected G-set. Then the category V'jj g is canonically 
equivalent to the category D thus defined: 

• objects of D are couples S — {{Si)i^i, {■iljg^i)(g^i)(zaxi such that Si is an 
object of T>if^Si and Tpgj : Si — > g*Sgi is an isomorphism in T>u^Si', 

• morphisms S ^ S' are families {ipi)i^j of morphisms Si — > S- compatible 

with (ipg^i). 

'^u,Si is a category equivalent to Hi -Set where Hi is a subgroup of Hu -Set 
since Si is connected. 

li X — {i, Fi) is a couple where i S / and Fi is a fundamental functor of Vu^Si, 
one defines a functor F^V^ g Set which maps S to Fi{Si). If x,x' are two 
such couples, there exists an isomorphism between F^ and F^: let g & G such 
that gi = i' and let xq = (i'. Fig*), then Fig* and F/, must be isomorphic (since 
two fundamental functors of T^u,Si, are isomorphic) so that F^' and F^g are 
isomorphic too; S i— > Fi{ijjg^i) is an isomorphism of functors F^ F^g. 
Now, let s,s' be two points in F{S), and let be there images in /. Then 
if S' Si (resp. S' Si') is an object of Vu^Si (resp. Vu^s-,), one defines 
Fs{S' — > S'i) (resp. Fs'{S' Si')) to be the preimage in F{S') of s (resp. of s'). 
Let X = ii,Fs) and x' — {i',Fs'), then there is an isomorphism a : F^ F^' 
of functors of Vjj g. But since for any object T of Vjj, F{T) — Fx{T x S) — 
Fx'{T X S), one gets an automorphism (} : F ^ F (defined by Pt — arxS^s) 
which is easily seen to send s to s' . 

Thus F{S) is a connected If'^j-set. □ 
Proposition 2.8. There is a natural exact sequence 

1 ^U'u ^ G ^ 1. 

Proof. Fq induces a morphism Ilu Il'jj. 

There is also a natural exact functor Fi : G-Set which maps a G-set Y 

to the couple {Y = U^gyly}, (V-'g)) where F is a constant object in Vjj and ipg 
maps y to g ■ y. 

This functor is fully faithful and FFi is naturally isomorphic to the canonical 
functor G-Set Set, so that it induces a surjection H'jj G. 
One also has a (non exact) functor Hq : V[j — *■ G-Set which maps {Su, (V'g)) 
to the set of connected components of the object Su of Vu, where the action 
of g G G is induced by ipg. If = {Su,{ipg)) is a connected object of 
such that Fo{S) = Su has a trivial connected component, S FiHq{S) is 
an isomorphism, so that S is in the essential image of Fi. Thus the sequence 
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Hj/ —>■ n'jj — > G is exact at IL'jj. 

Finally, let So,u be a connected object oiTDu- Let Sjj = Wg^cQ* Sq^jj , and 

: 5a = n h*So,u = II (/i5)*5o,c/ ^ JJ 5*^*^o,c/ = 5*(n h*So,u) = 9*So,u. 

heG hgeG heG heG 

One thus gets an object S of Vjj such that a connected component of Fo{S) is 
isomorphic to Sq^u- This implies that Ilu — » Il'fj is injective. □ 

If {Ui,Ui)i^i is a cofinal projective system of pointed Galois objects (and let 
P be the corresponding object of pro-C), one may define B^'^'^^ {V / C , P) to be the 
category Lim I>^. . An isomorphism of pro-objects P ^ P' induces an equiva- 
lence 6'°'"P(P/C, P') ^ S*""P(r/C, P), so that B*™P(P/C, P) does not depend 
up to equivalence on the choice of {Ui)i. Moreover, if /i G Gi = Ga.\{Ui/e) the 
endofunctor h* : Vy, T>[j maps S = {Sui,ipg) to h*S ~ {h* S{j^,'ijjhg'tlJ^^). 
Then %ljh ■ Su, h*Sui defines an isomorphism 5* — > h*S functorially in S. 
Thus h* : V'^, V^, is canonically isomorphic to the identity of V'jj, . Thus 
every isomorphism of the pro-object P induces an endofunctor of S*'""p(I?/C, P) 
which is canonically isomorphic to the identity (functorially on Aut P) . 

Let {Fi)i^j be a family of fundamental functors Fi : Vu. Set and assume 
one has a family {af) f;Ui^Uj , indexed on the set of morphisms in /, of isomor- 
phisms of functors Fif* Fj such that for any Ui ^ Uj Uk, {afg*)ag = agf 
(after identifying {gf)* and f*g* to lighten the notations). Such a family exists 
if / is just N. Then, this induces a projective system )i^i (unique up to 
isomorphism independantly of (a/) if 7=N and the functors 'D^. — »■ V^, are 
fully faithful), so that one can define 

7rrp(7?/c,(P0) = iyBnl;, 

Assume one has a 2-commutative diagram with fibered vertical arrows: 

i i 
Ci ^ C2 

such that / : Ci — > C2 is exact, and Vi^u — > 'D2j{ij) is exact for every object U 
ofCi. 

One then gets a functor S*^'"p(Pi/Ci) ^*™p(I?2/C2). 

For example. Let X be a ii'-manifold, C be the category of finite etale cov- 
ering of X and T> ^ C he the fibered category such that Vjj is the category of 
topological coverings of U . Then, since finite etale coverings are morphisms of 
effective descent for tempered coverings, V'^ can be identified functorially with 
the full subcategory of Cov*''™p(X) of tempered coverings S such that Su is a 
topological covering of U . If {Ui,Ui) is a cofinal system of pointed Galois cover 
of {X,x), then B^'"^'^{C/V) becomes canonically equivalent with Cov*'""p(X). 

Let us apply our categorical definition of tempered fundamental groups to 
our log geometrical case. 
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Let X_: X ^ Xi^i ■ ■ ■ ^ Spec(/c) be a polystable log fibration, and assume 
that X is connected. 

Then one has a functor Ctop : KCov(X) ICe obtained by composing the func- 
tor C of proposition 12.61 with the geometric reaHzation functor. 
One can thus define a fibered category Ptop — > KCov(X) such that the fiber 
of a ket covering of F of X is the category of topological coverings of Ctop (5^) 
(which is equivalent to 7rJ°^ (Ctop (i^)) -Set). 

One defines a fibered category DDtcmp ^ KCov(X) such that the fiber of a ket 
covering f : Y ^ X is the category of descent data of Ptop KCov(X) with 
respect to Y ^ X (this corresponds heuristically to the "tempered" coverings 
of X that become topological after pullback by Y X). 

Let a: be a log geometric point of X and let (Y, y) be a log geometrically pointed 
connected Galois ket covering of {X,x). 

Let y |C(y)| be the closed cell (which is contractible) of |C(F)| that cor- 
responds to the stratum of Y containing y. Then one has a fundamental func- 
tor Fy : VtopY ~^ Set that corresponds to the base point y {Fy[S) is the 
set of connected components of S >^\c{y)\ V)- Moreover, for any morphism 
/ : (Y' ,y') (YiV), the two functors Fyif* and Fy are canonically isomorphic. 
Then one can consider the functor F(Y,y) ■ DDtempy ^ Set which associates to 
a descent data T the set Fy{TY). 

The induced functor DDtcmpy — * Aut(_F'(y -Set is an equivalence of cate- 
gories. 

One has an exact sequence: 

1 ^ /i°P(| C{Y)ly) knt{F(Y,y)) ^ Gal(r/X) ^ 1. 
Then one defines 

7rf"'P(X,x)^ = Hm Aut(F(y^j^)), 

where the projective Hmit is taken over the directed category L- GalKCov(X, x) 
of pointed connected Galois L-finite ket coverings of (X, x) . 

If xi ^ a;2 is a specialization of log geometric points of X, it induces a 
natural equivalence between the category of pointed coverings of (X, xi) and the 
category of pointed coverings of (X, X2) (we thus identify the two categories). 
If F is a pointed covering {Y, yi) of {X, xi), the corresponding pointed covering 
of (X,X2) is {Y,y2) where 2/2 is the unique log geometric point above X2 such 
that there is a specialization yi 2/2 (and this specialization is unique). Then 
there is a canonical map y2 yi such that 

m ^yi 




|C(r)| 

commutes. 

This induces a canonical isomorphism Fy^ ~ Fy^, functorial in Y, so that one 
gets a canonical isomorphism 'k^^™^{X, xi)*" — > 'k^^™^{X, X2y" ■ If X is connected 
and xi,X2 are two log geometric points of X, there exists a sequence of spe- 
cializations and cospecializations joining xi to X2, so that 7r*'""''(X, xi)'^ and 
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7rj^°™''(X, a:i)^ are isomorphic. 



One has an equivalence of categories between 

S'™'P'^(x.x) = LimDDtompy /L- GalKCov(X, x) 

and the category 7rJ°™P(X, a;)"" -Set of sets with an action of 7rJ'""P(X, x)^ that 
goes through a discrete quotient of n*^"^^ {X , x)^ . 

Assume now that X is log geometrically connected, i.e. that Xk' is connected 
for any ket extension k' of k. 

Let k he a log geometric point on k, let x — {xk') be a compatible system of 
log geometric points of Xk' where k' runs through ket extensions of (fc, k) (for 
example, to construct such a system, one can take a geometric point of Xj^ 
where fc is a strict separable closure of k; then 7rJ°®(fc) is finitely generated, and 
one can thus take a countable system of pointed coverings ki of fc, and take 
geometric points on X^ by induction on i). 

Then, one defines 7r*'^™''~^°°™(X, x)''" = ]im^^ TT*^"^^{Xk' , Xk')^, where fc' runs 
through ket extensions of fc in a log geometric point fc. 

Let KCovgoom(-'^) = LimKCov(Xfc/) where fc' runs through ket extensions of fc 
in fc. It is the category of log geometric coverings of X. 

One thus get a fibered category 2?top-gcom KCovgoom(-'f), whose fiber in Y is 
the category of topological coverings of | Cgoom(^)|- 

If y ^ X is a log geometric covering, defined over fc', Cgcom(yfe') does not 
depend of fc', so that one gets a functor KCovgooml-'f ) which maps Y to 

I Cgcom{Y)\. If a; is a compatible system of points, for any pointed log geometric 
covering (Y, y) of (X, x), y defines a fundamental functor Fy of 2?top-goomy which 
are canonically isomorphic for any morphism {Y',y') — > {Y,y). 
Then 7rr^"(X,x)i^ = /^""^(Ptop-gcom / KCovgeo,„(X), (F,))^ 

3 Comparison result for the pro-{p') tempered 
fundamental group 

If 2L ■ X ^ ■ ■ ■ Spec(Oif ) is a proper polystable log fibration, we want 
to compare the tempered fundamental group of the generic fiber Xjj with the 
tempered fundamental group of the special fiber endowed with its natural log 
structure. The specialization theory of the log fundamental group already gives 
us a functor from ket coverings of the special fiber and algebraic coverings of 
the generic fiber. To extend this to tempered fundamental groups, one has to 
compare, for any ket covering Tg of the special fiber, the topological space C{Ts) 
with the Berkovich space of the corresponding covering of the generic fiber. 
Thus we will define, as in [5], a strong deformation retraction of T^^ to a subset 
canonically homeomorphic to |C(T3)|. We will construct this retraction etale 
locally, where T has a Galois covering V by some polystable log fibration over 
a finite tamely ramified extension of Ok ■ Then the retraction of the tube of Tg 
is obtained by descending the retraction of the tube of V^, defined in |5]. We 
will then verify that the retraction does not depend on the choice of V so that 
we can descend the retraction we defined etale locally. 
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3.1 Skeleton of a ket log scheme over a pluristable log 
scheme 

Let 2^: X ^ ■ ■ ■ ^ Spec(Ox) be a polystable log fibration over Spec(Oif ). 

Proposition 3.1. For every ket morphism T X , let X,, be the generic fiber, 
in the sense of Berkovich, of the formal completion of T along its special fiber. 
Then, there is a functorial map |C(T)s)| — > 1^, which identifies, \ C(Ts)\ with 
a subset S{T) of 1,, on which T,, retracts by strong deformation. 

Remark. 1^ is naturally an analytic subdomain of T^". Moreover if T is proper 
over Ok (for example if X is proper, and T is a ket covering), then T,, T^" 
is an isomorphism. 

Proof. Let f : T ~* X he a ket morphism. 

For every x £ Tg, let U_ : Ui ^ ■■■ ^ Uq he a polystable fibration etale over 
X_ such that {Ui,xi) is an etale neighborhood of f{x), such that, for every i, Ui 
has an exact chart Pi Ai and compatible morphisms Pi Pi+i such that 
the induced morphism C/i+i Ui Xgp(,cz[Pi] SpecZ[Pi+i] is strict etale. 
One has an etale neighborhood i : (V,x') — *■ (T, x) of x, a (p')-Kummer mor- 
phism Pi ^ Q such that V X factors through a strict etale morphism 
V ~*Ui XspocZ[p,] SpecZ[Q]. 

Let Pi -Pi be the canonical injection. Then, by definition of a (p')- 

^ 1 

Kummer morphism, there exists n prime to p such that Pi -Pi factors 
through Pi ^ Q. Thus V has a ket Galois covering that comes from a polystable 
fibration C/' = ]/' — > Ul_^ ^ . . . _> Spec Ok', where U- = Ui XspocZ[_Pi] 
Spec Z[^P^ for i < I and V — V Xz[q] '^[^^P] (so that there is a strict 
etale morphism V U'l) over Ok' for some finite tamely ramified extension 
K' = i4r[7ri/"] of K . Let us call G = HP^^/Q^^Y the Galois group of this ket 
covering. 

Let us denote by il, ili, 5J, QJ' the formal completions of U,Ui,V,V' along 
the special fiber. 93,, will then denote the generic fiber of 2J in the sense of 
Berkovich. 

The retraction of defined in theorem 11.91 is G-equi variant, so that it defines 
a retraction of 03,, . 

Let iS'( ) denote the image of the retraction of ( ),,. Then S'(93,,) — G\S'(93jj) = 
G\\C{V^)\ = \G\C{V^)\ = \C{Vs)\ (corollary [nni. 

Let us show that the previously defined retraction of il,, does not depend on 
n. Let us start by the case of a polystable morphism. 
Let 

: Zi = Spec^[P]/(K - A,) ^ Z2 = Spec^[P]/(p, - A,^) 

where P = N'""' = ©(ij)GrNeij and pi — Cij induced by the multiplication 
by s on P, where s is an integer prime to p and where A G A. 
Let G be the group Gm"* as defined in O demo du th. 5.2 etape 2], it acts on 
Zi and Z2. One has ■0(g ■ x) = • ipix). 

Let be the coordinates of G. Then \Tf. - 1| = jT^ - 1| if |Ty - 1| < 1. Thus, 
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for t < 1, { Y : G G induces an isomorphism { Y : Gt Gt, and — gt. 
Thus, if i < 1 (and also for t = 1 by continuity), 

i>{xt) = il^igt *x) ^ gl * Via;) = 5t * ^{x) = V'(a;)t- 

For a standard polystable fibration, the same result easily follows by induction 
using that ipniri^tY^'^ — ipn{rl^^ ^t^^'^) (we kept the notations from the sketch 
of the proof of theorem II. 9p . 
More precisely, suppose we have the diagram: 



B = B'[Y,,]/{Y,o ■ ■ ■ - h) ^ B' 



A = A'[X,j]/{X,o ■ ■ ■ X,n, - a,) A' 



where 0(Xy) = anf thus (f)'{a,) = bf, and ^' := Spf0' : SpfS' ^ Spf A' is 
a ket morphism of polystable log fibrations and assume by induction that we 
already know that (f>{xt) = 4>{x)t. 

Let X (resp. X', 2), 2)') denote Spf v4 (resp. Spf v4', Spf B, Spf B'). 

The first part of the retraction of X^'^ and 2)™ (consisting of the retraction fiber 

by fiber) commutes with <j) := Spf cf) according to the previous case. We thus 
just have to study the second part of the retraction. 
4> induces a map: 

Sa = {{x, ry) e {XX X [0, l]["lk,o ■ • ■ nn, = \a^{x)\} C X^^ 
i 

Sb = {{y,n,) e (2)'),^ x [0, i]'"!^* • • -r™. = My)\} c 2)-' 

which maps {x,rij) to {4>' {x),rl-^) (remark that |ai(a;)| — \hi{(j)' {x))Y) . 

Then, if {x,rij) e Sa (we will write y := (j^'ix); by induction assumption, 

(i>'{xt) ^yt) ^ 

ct){{x,nj)t) = (f){{xt,'ipni{rij,\ai{xt)\)k)) 
= {yt,^Pni{nj,\ai{xt)\)l^'') 
= {yur^nMi'AM^t)\'^%) 

= iyt,i^nMtAbiiyt)\)k) 

= {y,rlf')t 
= ^{x,nj)t 

Thus we get that the retraction of il^ does not depend on n. 

Let z : — > T be another neighborhood of x satisfying the same properties 
as V, and W defined in the same way (one may assume by the previous remark 
that we chose the same n). Thus, W" = V Xt W is etale over V' and W (by 
the canonical projection denoted by p and p'). 

Let thus y G QJJ^ and y' G with same image in T,,. Let y" S 2U^' be above 
y and y'. Then, for every t € [0,1], t{yt) = i{p((t>{y"))t) = i{p{4>{y")t)) by 
definition of the retraction of 93^. By using theorem II. 91 (11) again to cf), one 
gets i{yt) = ip<t>{yt)- By the same argument for U' and since ip4> = i'p'(f>', one 
gets i(jjt) = i'iy't)- Thus, the retractions of the different are compatible and 
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one gets a well defined retraction of T,, (if (Vi) is an etale covering family of T, 
the map obtained by glueing the deformation of the different 03^^,, is continuous 
since IJ2Ji ,j — > is quasi-etale and surjective and thus a topological factor 
map). 

Moreover, if : Ti — > T2 is a ket morphism, 4>{xt) = 4>{x)t. As in theo- 
rem [L9l(vi), it is also compatible with isometric extensions of K. 

If T is covered by = IJ^ Vi such that every Vi satisfies the same property 
as V, one gets an isomorphism 

S(%-,) = Cokcr(5(^ xj%) ^ m)) = Coker(|J \C{V,^sXt,Vj^s\ =4 |J |C(F,,,)|) = |C(r,)| 

This isomorphism is functorial in T. □ 
3.2 Comparison theorem 

Let K he a discrete valuation field. Let p be the residual characteristic (which 
can be 0). 

Let 2L - X ^ ■ ■ ■ ^ Spcc{Ok) a polystable log fibration over Spec(Ox)- 
Let us now compare the tempered fundamental group of the generic fiber, as a 
isT-manifold, and the tempered fundamental group of its special fiber as defined 
in 

Theorem 3.2. Let x be a geometric point of X^^, and let x be its log reduction. 
One has a morphism tt\^"^^{X^"-,x)^ — > Tr^i™^{Xs,x)^ which is an isomorphism 
ifp ^ L. 

These morphisms are compatible with finite extensions of K. 

Proof. One has two functors L-KCov(X) L- Gov't's (x^)^ which is an equiv- 
alence of categories if p ^ L, and L-KCov(X) I^-KCov{Xs) which is an 
equivalence of categories (theorem II. Sp . This gives us an equivalence of cat- 
egories between L-KCov(Xs) and h-Cov'^^^{Xjj), which enables us to identify 
the two categories. 

One has a fibered category V^^^^X) over L-KCov(X) whose fiber at a L- 
finite ket covering T is the category of topological coverings of T^". One has 
also another fibered category Vl'^^^X) over L-KCov(X) obtained by pulling 
back the fibered category VtopiXg) — > L-KCov(Xs) defined in part 12.31 along 
L-KCov(X) ^ L-KCov(X,). 

Proposition 13.11 induces an equivalence of fibered categories Pf"p(X) 
But L-KCov(X) L- Cov'''s(x^) induces a morphism 

^tcmp^^a„)L ^ 7rf"'P(P^an^(X)/L-KCov(X)) 
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which is an isomorphism if p ^ L. 

Similarly, L-KCov(X) L-KCov(Xs) induces an isomorphism 

^f'"P(X,)^ /™P(P^Pp(X)/L-KCov(X)) 
since L-KCov(X) 'L-KCov{Xs) is an equivalence of categories. 

□ 

3.3 Geometric comparison theorem 

We will assume in this section that p ^ L. 

Theorem 3.3. There is a natural isomorphism 

tcmp-gcom / \L ^ tcmp/-v^ \L 
~1 \^s) — ~i \^r]) ■ 

Proof. One knows, according to [1, prop 5.1.1], that 

where Ki runs through the finite extensions oi K m K . 
This induces an analog result for the L-version. 

However, we would like to know, in the case where p ^ L, if one can only take 
the projective limit over tamely ramified extensions oi K {i.e. to ket extensions 
of Ok). Then the isomorphism we want would simply be obtained from theo- 
rem [321 by taking the porjective limit over ket extensions of Ok- 

We have to show that if T' is a L-finite ket geometric covering of X (which 
is defined over a finite tamely ramified extension of K according to p^, prop. 
1.15]: one can thus assume that T' is defined over K), the universal topological 
covering T/^ of is defined over some tamely ramified extension of K. 
By changing Spec Ok by some ket covering (which amounts to changing K 
by some tamely ramified extension) one may assume that T' — > Spec Oi^ is 
saturated. ^ 

One already knows that is defined over some finite extension K2 oi K ([U lem 
5.1.3]). Let Ki be the maximal unramified extension of K in K2. As T' — » Ok 
is saturated, the underlying scheme of T'q^ is obtained by the base change of 
schemes Spec Ok2 ^ Spec Oki of the underlying scheme of Tq^^ . By looking at 
the special fiber, as Ki = K2 (as schemes), the morphism T^^ induces 

an isomorphism between the underlying schemes, thus a bijection between their 
strata, and thus an isomorphism |C(T^J| |C(r^J| and S'(r^J S{T^J. 
Thus is defined over Ki. 

□ 

This isomorphism is Gal{K, _fi')-equivariant (since the isomorphism for each 
Galois extension Ki oi K is Gal(i4ri/if )-equivariant). 

Remark. We could also have constructed our isomorphism by taking the projec- 
tive limit over all the separable extensions of K by remarking that if Ki K2 
is totally wildly ramified, then the morphism of log points S2 si is kuh and 
thus 7rJ°"^P(Xs2) — > 7r'°™P(Xsi) is an isomorphism. 
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4 Cospecialization of pro-(y) tempered fundamen- 
tal group 

Let X Y he a proper polystable log fibration, such that Y is log smooth and 
proper over Ok (the properness of F ^ Ok is only assumed so that every point 
of 1^ has a reduction in Yg , but the cospeciaHzation morphisms we will construct 
only depend of Y locally). In this section we will construct the cospecialization 
morphisms for the (p')-tempered fundamental group of the geometric fibers of 
Xjj Yjj . Thanks to theorem 13.31 we will be reduced to construct cospecializa- 
tion morphisms for the (p')-tempered fundamental group of the log geometric 
fibers of Xs ^ Yg. Let thus S2 ^ si be a specialization of log geometric points 
of Y, where si and S2 are the reductions of geometric points ^i,?72of Yjj. 

We already have an equivalence of geometric ket coverings of X^^ and X^^ ■ 
Now we must compare, for any such ket covering Zg^ corresponding to 
(which extends to Zu), their polysimplicial sets as defined in proposition 12.61 
We will assume that S2 is the generic point of its stratum (if si and S2 are 
in the same stratum and Cgoom(-'^S2) is interiorly free, it will turn out that 
Cgeom(-''^si) — > Cgeom(-^s2) i^ ^u isomorphism, so that we can replace S2 by the 
generic point of its stratum) . We will construct the cospecialization morphism of 
polysimplicial set etale locally, so that we can assume X to be strictly polystable 
(the properness will not be used for this). This cospecialization morphism of 
polysimplicial set will be constructed by associating, after some ket localization 
of the base so that Zu becomes saturated, to a stratum z of Zg^ the minimal 
stratum z' of Zg^ such that z is in the closure of z' (as in lemma II. 7p . Then 
the closure of z' in the strict localization of the generic point of z is separable 
onto its image, so that z' is geometrically connected, thus defining a geometric 
stratum of Xg^ . 

We will end this article by glueing our speciaHzation isomorphism of (p')-log 
tempered fundamental group with our cospecialization morphisms of polysim- 
plicial sets in a cospecialization morphism of tempered fundamental groups. 

4.1 Cospecialization of polysimplicial sets 

In this section, we construct a cospecialization map of polysimplicial set for a 
composition of a ket morphism and of a log polystable fibration. 

One can give an analog of [5, prop 2.9]: 

Proposition 4.1. Let Z' ^ Z be a strictly plurinodal morphism of fs log 
schemes, and Z" Z' be a ket morphism of log schemes. Let z\ and Z2 
two strata of Z (endowed with the inverse image log structure Z), such that 
Z2 < zi (i.e. z\ g {z2}y). Then one has a cospecialization morphism Str(Z^J 
'&\jt{Z'^^ which maps a stratum x\ o/ Str(Z^J to the unique maximal element 
of {x2 e Str(Z^J|a;i £ X2} ■ 

The cospecialization morphism maps minimal points to minimal points. 
If <Z2<z\, the obvious diagram of cospecialization morphism is commuta- 
tive. 
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Proof. As for O prop 2.9], if the result is true for two morphisms cj) : Z" ^ Z' 
and ip : Z' ^ Z then it is also true for (poip because Str(Z") = lJ2'esti(Z' ) ^^''(^z') 
But it is true if ip is strictly plurinodal (O prop 2.9]), and it is also true for (f) 
ket according to (|2.5p . □ 

Definition 4.1. One says that a couple of points (z2 < zi) of a Zariski fs log 
scheme Z is a good couple if there is some neighborhood U of zi and an fs chart 
U — > SpecZ[P] such that if p is the image of Z2 in SpecP by C/ — > SpecP, and 
if F = P\p, the reduced scheme {22} end owed with the log structure associated 
to F (this log scheme will be denoted by {z2}p) by the morphism 

{^7} ^ Spec k[P]/k[p] ~ Spec k[F] 

is log regular. 

One says that a couple of geometric points (resp. log geometric points) (z2 — > ^i) 
of an fs log scheme Z if there is some etale (resp. ket) neighborhood U of zi 
such that U has a global chart (and thus is Zariski) and the couple (z2 < zi) of 
underlying points of J7 is a good couple. 

A couple of points (22 < zi) is a good couple if Z2 is the generic point of a 
stratum of a log regular Zariski fs log scheme {\14^ prop. 7.2]). 



Lemma 4.2. Let Z' ~* Z be a Zariski log smooth morphism of fs log schemes, 
let {z2,Zi) be a good couple of points of Z. Let z'2 (respectively z[) be the generic 
point of a stratum of Z'^^ (respectively Z'^^), such that z^ < z'^. Then {z'2, z[) is 
a good couple of points of Z' . 

Proof. Since the statement is local on Z and since log regularity is stable under 
etale base change, one can assume that one has an fs chart (^ : P ^ Q) of 
Z ^ Z' such that the square 

Z' SpecZ[Q] 

i □ i 
Z SpccZ[P] 

is cartesian. 

Let p (respectively q) the ideal of P (respectively Q) which is the image of z\ 
(respectively Z2) and let F = P\p (respectively F' — (3\q) be the associated 
face. We want to show that {zj} endowed with the log structure associated to 
F' is log regular. 

One has F = (i>-^{F'). Ker^^P c Ker0SP and Coker^j^P C Coker0SP, thus 
(^\p : F ^ F' is also a log smooth morphism of monoids. 
Moreover the following diagram of schemes is commutative: 

SpecZ[P'] ~ SpecZ[Q]/Z[q] SpecZ[Q] 

SpecZ[P] ~ SpecZ[P]/Z[p] ^ SpccZ[P] 

Thus 

{z[} SpecZ[P'] 

i i 
{zi} SpecZ[P] 
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is commutative. Let Z" = {zi} Xgp(,cz[F] SpecZ[F'] and endow it with the log 
structure associated to F' . Since Z" {zi}p is log smooth and {zi}p is log 
regular, according to [lH th. 8.2] , Z" is log regular. 

One has a morphism of schemes {z[} Z" which is the closed embedding of 
an irreducible component (because Z" is the preimage of {q} in and is 

a generic point of the preimage of {q} in Z'^_^ by definition of a stratum), which 
induces a strict morphism of log schemes {2;^}^/ Z" . Thus, since Z" is log 
regular (and thus normal), {2:^}^, is a connected component of Z" and thus is 
log regular too. □ 

Lemma 4.3. Let (p : Z' ^ Z be a strictly plurinodal morphism of fs log schemes. 
Let (z2,zi) he a good couple of points of Z. 

Then one has a co specialization morphism Str(Z^^) Str(Z^^) which maps a 
stratum xi of Str(Z^J to the unique maximal element of {x2 G StT{Z'^^)\xi G 

X2}- 

The cospecialization morphism maps minimal points to minimal points. 
If < Z2 < zi, the obvious diagram of cospecialization morphisms is commu- 
tative. 



Proof. It clearly is true if is a standard morphism Speci? — > Spec A with 
/ : P — > A a chart of Spec A and B — A[u,v]/{uv — /(a)) where a G M (one 
can for example use [5l lem 2.3]). 

By lemma l|4.2p . one sees, as in the proof of [H prop. 2.9], that if the proposition 
is true for (j) and (j)' , it is true for 0O(/)'. Moreover the result is local for the Zariski 
topology of Z', thus there i s only to show the result for (/> etale, but this comes 
from (|2.4p and th e fact that {22} is normal in a neighborhood of zi and thus the 
closures in Z' {22} of two different points of Zz2 (which are two irreducible 
components of Z' Xz {Z2}, which is normal) have empty intersection. □ 

Remark. If one has a ket morphism Z" Z' such that Z" Z is also strictly 
plurinodal, then, as for fS', cor. 2.11], the following diagram 

Str(Zi;) ^ Str(Zi;) 

i I 

Str{Z'J ^ Str{Z'J 

is commutative. 

If Z' ^ Z is a strictly polystable morphism, it induces (as in [H lem. 6.1]) 
a morphism of polysimplicial complexes 

c(z;)^c(z;). 

If now Z' ^ • • • Z is a strictly polystable fibration, using lemma [T2I one con- 
structs by induction on the length of the fibration a morphism of polysimplicial 
complexes: 

ciz'j^az'j. 

Remark. The morphism Z' Z is saturated, so that if si is a log geometric 
point of Z over zi, the morphism Cgcom(Zj^/si) — > C(ZjJ is an isomorphism 
(and the same thing is also true for 22)- 
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Let (z2 zi) be a good couple of log geometric points of Z. 
By replacing Z by the strictly local scheme Zi at zi (and let us chose a good 
chart modeled by P of Zi at zi), one gets a morphism : Str(Z^^) Str(Z^, ), 
where z'2 is the image of Z2 in the strict localization of Z at zi. 
Let xi be the generic point of a stratum xi of , and let Z[ be the local 
scheme of Z'^^ at xi and let Z'^ be the closure of ip{xi) in Z'l (xi is still in Z"). 
However, etale locally in a neighborhood of xi, Z' ^ Z is isomorphic to the 
pullback to Z of Spec Z[Q] — > Spec Z[P] where P ^ Q i s a sa turated morphism. 
Therefore the morphism from the closure of a stratum {X2} of Z'^, to its image 

is etale locally isomorphic to the pullback to Zq of SpecZ[F'] SpecZ[_F] 
where F' is the face of Q corresponding to X2 and F is the preimage face of 
F' in P. Then ^ F' is also a saturated morphism of monoids thanks to 
lemma [Ql Then SpecZ[F'] SpecZ[F] is a separable morphism of schemes. 
According to [TOt cor. 18.9.8], the fibers of Z'( Zq are geometrically con- 
nected. In particular the stratum X2, image of xi by -0 : Str(ZjJ — > Str(Z^, ) is 
geometrically connected, thus defines a stratum of '&iv{Z'g^). 
Thus one gets a canonical morphism Str(Zj^) — *■ Str(Zj^) which makes the 
diagram: 

Str(Z^J 




Str(Z,^J -Str(Z^,) 

One thus gets a cospeciaHzation morphism 

If Z' ^ ■ • • — ^> Z is now a polystable fibration of log schemes, after changing 
Z by an etale neighborhood, there is Z" Z' an etale morphism of polystable 
fibrations over Z such that Z" ^ • ■ • ^ Z is a strictly polystable fibration 
of log schemes. Then, by taking the cokernel of the horizontal arrows of the 
commutative square: 

C(Z-) ^ C{Zl) 

I I 

C(Z-) ^ C{Z'Q 

one gets a cospeciaHzation map C{Zg_^) C(Zj^) (which is functorial with re- 
spect to etale morphisms). 

This cospeciaHzation map commutes with ket morphism of polystable log fibra- 
tions. 

K Z" ^ Z' is a ket morphism, and Z' ^ Z is a polystable log fibration and 
let {z2 —^zi) be a good couple of log geometric points. 

Proposition 4.4. There is a canonical cospeciaHzation morphism 

Cgoom(Z"j/zi) Cgcom{Z'l^/ Z2) 

which is functorial in Z" . 
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Proof. Let us assume that Z' ^ Z is strictly polystable. 

After replacing Z by some ket neighborhood of zi and thus changing zi and Z2 by 
the reduced subscheme of a connected Galois ket covering in zi and Z2, one may 
assume that Z has a global chart modeled on a monoid M, that there is an etale 
covering finite family {U[) of Z', where U[ is etale over Z XspecZ[M] SpecZ[Pi], 
Z" has an etale covering family {U[') where U'/ is etale over U[ Xgpc(,z[_Pi] 
SpecZ[Qi] and where M ^ is saturated, so that there is a (p')-Kummer 
morphism of monoid Qi Pi such that C/"' = C/" XgpoczfQi] SpecZ[P/] still 
fits into a polystable fibration C/-" -.U-' ^ > Z and C/-" C/- is a ket mor- 
phism of log polystable fibrations (in particular U[" U[' is a Galois covering 
of group G = {{P^fP/QfY, and Z" ^ Z is saturated). 

Then G(Ul"^_^) C{Ul"^^J is G equivariant, so that it induces a morphism 
C(C/;'^J = C(UI'',J/G ^ C(C//;;j/G = C(C//;^J. One deduces from the fact 
that the cospecialization map commutes with ket morphisms of polystable log 
fibrations that it descends to a morphism C(Z"J — + C{Z'J^). 
By taking the projective limit over strict etale neighborhood of zi, one gets a 
morphism Cgoom(Z"j/2;i) C(Z" ), where ^2 is the image of Z2 in the strict 

localization of Z at zi . 

If one has a log geometrical stratum of Z"^ , using [ini cor. 18.9.8] as previously, 
one gets that the image stratum of Z"^ is geometrically connected. 
One thus gets the wanted morphism Cgeom(Z^"j/2;i) Ggcom{Z'^^/ Z2). 

If Z' — > Z is not assumed to be strictly polystable anymore, after changing 
Z by an etale neighborhood, there is an etale morphism Zq Z' of polystable 
log fibrations over Z such that Zg — > • ■ • ^ Z is a strictly polystable fibration 
of log schemes. Let Z[ = Z'q Xz' Zq. Then, the wanted morphism is obtained 
by taking the cokernel of the horizontal arrows of the following commutative 
square: 

Cgco.„(Zi'.,yzi) ^ C(Z^%yzi) 

Cgoom(Z",22/z2) ^ Cgoom(Z"_22/z2) 

□ 

Let us assume now that Z" ^ Z is proper, that Z is log regular and 
that zi and Z2 are in the same stratum of Z {i.e. the cospecialization map 
Mz,zi Mz,z2 is an isomorphism). We may replace Z by its strict localiza- 
tion at zi (this does not affect our cospeciaHzation map). In particular Z is 
log Zariski. After some further ket localization, we will assume Z" ^ Z to be 
saturated. 

The fact that zi and Z2 are in the same stratum of Z easily implies that 
Cgcom(Z"J — > Cgoom(Z"2) maps non degenerate polysimplices to non degen- 
erate polysimplices (it suffices to look etale locally). 

Let Z"*-*' be the closure of (Z"^)*^*^ in Z" endowed with the reduced closed sub- 
scheme, and (Z")(*) be its normalization. By looking etale locally on Z" and 
thanks to the fact that Z2 and zi are in the same stratum, one sees that (Z"^*'')^^ 
is just (Z^'J(*) and that {{Z")'^'^),_, is just the normalization of (Z^'J^*). Thus 
the connected components of ((Z")'*^)^^ and ((Z")*^*^)^^ are in bijections with 
the strata of Z"^ and Z"^ of rank i. As previously explained, since Z" — > Z is 



38 



saturated, (Z")^') is separable over the closure of Z2 and thus the Stein factor- 
izations of {Z"Y'^^ for all i tells us that StT{Zzj^) Str{Zz2) is bijective. 

If one assumes moreover that Cgcom{Z'J^/ Z2) is interiorly free (this is the case 
if Cgcom{Z'z^/z2) is interiorly free), 

Cgeom(^"i/^l) ~^ Cgcom (^22/^2) 

is also an isomorphism. 

We still assume Z" Z proper, Z log regular, and assume that for any 
stratum of Z with geometric generic point z, Cgoom(^z) is interiorly free. 
Let Z2 zi be any specialization of log geometric points of Z. Let a; ^ Z2 be 
a specialization where a; is a log geometric point over the generic point of the 
stratum of Z2 (there exists such a specialization). Thus {x — > Z2) and {x zi) 
are good couples. Then one has the morphisms: 

Cgcom (-^2:2 ) ^ Cgcom('^a:) ^ Cgcom(-^si) 

SO that we get a morphism Cgoom(^z2) ~^ Cgcom(-Z^2i) which does not depend 
on X ^ Z2 (since any other specialization x ^ Z2 goes through our previous 
specialization) . 

Moreover, if zi and Z2 He in the same stratum, the cospeciaHzation morphism 
is an isomorphism. 

Remark. Under the same assumptions, let y2 — > yi be a specialization of log 
geometric points over fs log points y2 — > yi of Z' whose images Z2 — > zi in 
Z lie in the same stratum of Z. One then have a cospecialization functor 

F : KCovgcom(^zi/-zi)^ KCovgoom(^z2/-^2)'^ ^ ^'^^^ ^'^^ Contain the resid- 
ual characteristic p at Z2 and zi. If Z"^ is some geometric ket covering of 
Z'^_^ , it extends thanks to corollary 11.51 to some ket neighborhood U of zi in 
Z. Let Z'j^ ^ U he this extension (unique after replacing U by some smaller 
neighborhood of zi), and F{Z'JJ is just the fiber in Z2 of Z^. Then one has 
an isomorphism Cgoom(-^i') — Cgcom(-^2)i which induces a functor of fibered 
categories: 

^top-gcom ( Z^ ) > ^top-gcom ( Z2 ) 

i i 
KC0Vgcom(^^,/^l)*^ ^ KC0Vgeom(^^,/^2)^ 

and thus a specialization morphism 7r*'='°P-g'=°™(^^^ ^ ^2)^ ^tcmp-gcom^^-^^ ^ yi)^- 



4.2 Cospecialization morphisms of pro-(j9') tempered fun- 
damental groups 

Let if be a discrete valuation field, and Spec Ok is endowed with its usual log 
structure, and assume that the residual characteristic p of if is not in L . 
Let X ^ Y he a proper and polystable log fibration such that Y — > Spec Ok is 
log smooth and proper, and assume that for every geometric point y oiYg, G{Xy) 
is interiorly free (this is for example the case if X ^ F is strictly polystable or 
if the fibers of X Y are semistable curves) . 

Let yi and y2 he two discretely valued points of 1^™ (after replacing 7i(yi) by 
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an isometric extension, we may assume 'H{yi) to have an algebraically closed 
residue field). One has canonical morphisms of fs log schemes SpecO-^(j,.) Y 
for i — 1,2. Let Si be the fs log point of Y corresponding to the special point of 
SpecO-H(yi) with the inverse image log structure. Let s[ be the fs log point of 
Y with same underlying scheme as Si but endowed with the inverse image log 
structure. 

A geometric point yi (of the Berkovich space y^") over yi induces a log geomet- 
ric point Si over Si (tji can also be seen as a log geometric point of Y since the 
log structure of Y is trivial at yi. Let s- be a log geometric point of s[ Xg. Si). 
Let us assume that one has a specialization s'2 s'l (and there is one as soon 
as there is a speciaHzation between the underlying geometric points of Y). 

More precisely, we define VV^'^{Y) to be the category whose objects are ge- 
ometric points y of 1^^", such that 'H{y) is discretely valued (where y is the 
underlying point of y) and Hom(y, y') is the set of ket speciaHzations from s to 
s' where s and s' are the log reductions of y and y' . 

We will also define Ptg"(Y') to be the category obtained from Pt™(y) by invert- 
ing the class of morphisms y ^ y' such that s and s' lie in the same stratum oiY . 



Theorem 4.5. For any morphism y2 yi in Pt''"(y), there is an outer mor- 
phism 

^1 (%) ^^1 (XyJ . 

which is an isomorphism if si and S2 lie in the same stratum ofY. 
Proof. One has a cospecialization functor 

F : KC0Vgeom(X.i/si)^ ^ KC0Vgeom(^.Js2)^ 

which factors through KCovgoom(^Zo/-^o)^ where Zq is the strict localization 
at si. Let T] be some geometric point above the generic point of Y. 
As the cospecialization functor KCovgoom(-^si/si)^ ^CoVgeomiXy Jyi)^ and 
KCovgcom{Xy J yi)^ KCoVgcom(-'^j)/»7)^ are equivalences ([HI prop. 1.15]), 
one gets that KCovgoom(^si/si)'^ KCoVgcom(-'^s2/'S2)'^ is an equivalence. 

If Zs-^ is some geometric ket covering of Zg^ , it extends thanks to corollarv ll.51 
to some ket neighborhood U of si in Z. Let Zu — > [/ be this extension (unique 
after replacing U by some smaller neighborhood of si), and F(Zs-^) is just the 
fiber in Z2 of Zjj. Then one has a cospecialization morphism Cgcom(^si) — > 
Cgcom(^s2)> which induces a specialization functor 

■^top-gcom^^^ (^^2) ^ -^top-gcom j^^^ i^si): 

which is an equivalence of categories if si and S2 lie in the same stratum of Y. 
Thus we have a 2-commutative diagram: 

^top-gcom^ ^ ^top-gcom^ 

KC0Vgeom(^.i/si)^ KCOV 

gcom 

where F~^ is some quasi inverse of F. This induces a cospecialization morphism 

tcmp-gcom/-^ / xL tcmp-gcom/-^ ; \L 
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The comparison morphisms of theorem 13.31 gives us the wanted morphism. □ 

Thus one gets a functor Ptg"(F)°P OutGptop (where OutGptop is the cate- 
gory of topological groups with outer morphisms) which maps y to 7rJ°™''(X|")'^. 

Such a functor cannot exist if p ^ and L is the set of all primes. Indeed, 
if Xi and X2 are two Mumford curves with isomorphic stable reduction but 
with different metrics on the graphs of their stable models, then their tempered 
fundamental groups are not isomorphic. Let us consider a moduli space of sta- 
ble curves with level structure, endowed with its canonical log structure, and a 
geometric point s in the special fiber of the moduH space such that the corre- 
sponding stable curve has totally degenerate reduction. In particular, it has at 

gp 

least two double points, and thus the rank of Mg is at least two. Let us take 
two valuative fs log points si and S2 {i-e. Mg. ~ N) such that the corresponding 
morphisms Mg — > N are linearly independant, for. Let rji and 772 be discretely 
valued points of the analytic geometric fiber whose log reductions are si and S2. 
Then the two corresponding geometric Mumford curves have different metric on 
the graph of their stable model, and thus have non isomorphic tempered fun- 
damental groups. But two geometric log points over si and S2 are isomorphic 
with respect to specialization for ket topology. 

If one drops the assumption about inner freeness, one still gets this result, 
by the same proof: 

Theorem 4.6. For any couple of geometric points yi and y2 of Y above dis- 
cretely valued points yi,y2 ofY. Let si,S2 &e their log reductions and assume 
that si is the generic point of a stratum ofY. Then there is a functorial cospe- 
cialization outer homomorphism: 

temp/ -i^aiiNL , temp/ -r^an-iL 

y-^vJ ■ 
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